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Summary. It is shown that Q (21/2) and Q (5'/2) are the only quadratic fields in which every integer
is a sum of distinct units. This confirms a conjecture of Jacobson [2].

1. Denote by DU the class of all algebraic number fields X with the following
property:

Every integer of K is a sum of distiner wunirs of K.

Jacobson [2] has shown that Q) 2)£ DU and indicated that the same method
can be used to prove Q (j 5) € DU. He conjectured that no other quadratic field
belongs to DU, and noted that

0 ()/3), 2(y6), 0(yD¢DU.
In this note we confirm Jacobson’s conjecture.
2. THEOREM. A quadratic field K=Q (y d), (d — squarefree) belongs to DU if
and only if d=2 or d=5.
Proof. We need an easy lemma:
LEMMA. Assume that the polynomial
p(N)=A,x"+. . +A,eZ[x] (4,#0)

has a root xo with x4 >2. Let h= max ‘A, h>1, and let A =h.If for i#k'A; <1,
then Orion

Proof of the lemma. Obviously k#mn. As

A, <D ol
and
[xo]" — lxol*+ 1 4 xol* 1

1xXo]—1
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we get
[Xol™ (Ivg! = 2)< o (h—1) (Ixol —= 1) —1

which easily implies our assertion.
Assume now that Q () d)e DU. Obviously d>0. Write

§)) 2= Fekiqpeki4 e,

where e=a+ b3 is that fundamental unit of K which satisfies >0, 5>0. Here &
is either }'d (if d£1 (mod 4)) or (I+}/d)/2 (d=1 (mod 4)).
We can write (1) in the form

An 8”+...+A0=O,

where A4,, A, #0, 4; € Z, and at most one of the A4; equals +3 or +2, whereas al
others equal +1 or 0. One checks immediately that |s]<4.

If d£1 (mod 4), then this implies
yd<la+b yd=le<4,
thus J<16. 1f however d=1 (mod 4), and a>=1! then

l*lc/ ~

-

1- c<d s0 d<25.

Finally, it =1 (mod 4 and «=v. hen necessary =12

Now ¢ <4 hold in our range only for =23, 5 13, So let us ook at Q (l 3).
Here ¢=(3+) 13)/2>2. Writc

;5: +ekrdgheg, gks

this implies an equality of the form ¢ (x)=0, where
¢ (X)=A,"+...+A4,

with one of the coefficients, say A,, equal to +4, +5 or +6 and the remaining
equal to +1 or 0. Applying the lemma we get n—A<2. But o (—2~')=0 because
¢ and —e~ ! are conjugated, thus —e¢ is a root of

Ag X"+...+4,=0

and again by the lemma one gets k<2. Thus # <4, but the minimal polynomial
f(x) of ¢ equals x>—3x—1 and an easy check shows that it cannot divide any poly-
nomial of degree <4 with all coefficients except one equal to +1 or 0, with the
exceptional coefficient being equal +4, +5, +6.

The same argument enables us to get rid of the case d=3.

Because the inclusions Q () 2), O (]/"57) e DU are proved in [2] the theorem is
proved.
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3. Observe that the same method can be utilized to show that no pure cubic
field O (1 m) is in DU. One has only to utilize a result of Delaunay [1] who proved
that in Q (] m) one can find a fundamental unit of the form a+5 V' m+cy m? with
a, b, ce Z and positive.
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