
BULLETIN DE L'ACADEI/LIE

POLONAISE DES SCIENCES

Ser ie  des  sc iences  math . ,  as t r .

€ t  phys .  -  vo l .  xx I I ,  No,  1 ,  19?4

f 1,1THE]IIATICS

,.t-ttrnnn raroni

Sums of Distinct Units

by

J. SLIWA

Presented by K. URBANIK ott March 21, 1973

Summary. It is shown that Q (2t l2) and Q (5r l2) are the only quadratic fields in x'hich every integer

is a sum of distinct units. This confirms a cor.tjecture of Jacobson [2].

1. Denore bi '  DLt the class of al l  algebraic numbcr l ields K rvith the fol lolving

propert)';

Et ' t ' r ) '  i r t t t ' , !er  o. f  K i  r  r r  ' t t r i ;  , ,1 '  t l i t t i r t t t  tu t i t . t  o , / '  K.

Jacob: t rn [ i ]  has shrr \ \n  that  Q ( l  : )  = DL'  and indicatc ' . l  that  the sal t te  l l lc thod

can be used to prove Q ( l  5)  e DL' .  He conjectured that  no cr ther  quadrat ic  f ic lc l

belongs to DU, and noted that

Q Q/17, Q Q,'65, O VlI + DU.

In this note we confirm Jacobson's conjecture.

2. TnEonEN{. A quadratic ficltl X:Q\,il, @-,squatefi'ee) bclong's to DU if

uttd only i-f d:2 or d:5.

Proof .  We need an easy lemma:

Lruva. Assume lhqt lhe poll'nornrr,,

rz  ( . t ) :  A, ,  x"* . . . - t  Ao e Z lx l  (A, ,+0)

h o s c t r t t o t . r o v i t h  - r o ) 1 . L c t / t :  m a x : 1  , r  h > 1 , a t t d l e t . 1 * : 1 1 .  I f f o r i * k  ' l r ( l ,

t h e n  
o ' " i ' n

.  ( h -  1 ) ( r o  - l )
' \ ' ,  

n - i (

Proo f  o f  t he  l emma.  Obv ious l y  k *n .  As

iAr .* l ( f t  l ; ro l t
and

l xo lo -  l no l k+  
1  +  I xo l k  -  I

I t,e, "'.t<
i * k , n

i xo l -  I

l l  l l
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we get

lxo l '  (1 ro  -2 )<  . ' , - ,o l *  ( l -  1 )  ( i xo l -  1 ) -  1

rvhich easily irnplies our assertion.

Assume norv  tha t  Q( l  d \  eDt - .  Obr ious lv  d>0.  Wr i te

( 1 )  ) :  l t k '  + e a ' + . . . r e A ' .

u 'here e:a*63 is  that  fundamental  uni t  o f  K which sat is f ies o20,  b>0.  Here 3

is  e i ther  1 'a ( i r  r / f  I  (mod a))  or  ( r+ l /d)12 (d:1 (mod 4)) .

We can write (1) in the forrn

A , ,  t ,  * , , .  * l o : 9 ,

r r l rere 1, , ,  Au*O, AreZ,  and at  most  one of  the l ,  equals *3 or  *2,  whereas a l

others equal  +1 or  0.  One checks immediate ly  that  lc i<4.

If r/f 1 (rnod 4), then this implies

1 , ' d { t a + b  )  A t , : l t . < 4 ,

t l r L r s  , / <16 .  l f  ho * ' eve r  t l =  I  (moc l  4 ) ,  and  a ) I  t hen

.  1 - 1 , 1
I  . '  + .  < t r  , 1<  25 .

Final l i ' .  i i  ,1= I  ( . r ' t l r r ( i  J)  .111J ( ; : r t .  , l i l : . t  i lc ; r ' .s . l l ' . i ' ,  , i ' -  j .

No rv  j a  < .1  ho ld  i n  ou r  l i l n r .  ( r n l \  f ' , r  , i : : .  j .  : .  11 .  S t  l e t  L r :  l r r k  a t  O  (1  3  ) .
Here r :  (3 + I  13 )  

'2  > 2.  \ \ ' r i tc

i 5  :  + i ; a '  + r / ' ,  + . . .  * r :A '  .

t i1[ implies an equality ol 'the forrn p (.r):0, rvhere

? ( ' t ) :  
"1, ,  ' \ "  *  " ' *  Ao

uitlr one of rhe coefficients, say l^, equal to +4, +5 or *6 altrl the rentaining

equal  to  f  I  or  0.  Apply ing the len-rma we get  ru- f t (2.  But  r ,  ( - r -1) :g because

a and -e - t  are conjugatecl .  thus -c  is  a root  o1 '

A o x " 1 . . . * - 4 , , : 9

atrc l  again b1 the lemma one gels / r (2.  Thus l -<4.  but  the min i rnal  polynomial

- / ' ( . r )  o f  e equals. r r -3. r -  I  and an easy 'chcck shorvs that  i t  cannot  d iv ide any poly-

nomial of degrec 54 rvith all coefficients except onc equirl to *1 or 0, with the

erceplional coefhcient being equal +4, + 5, +6.

The sar.r.re argument enables us to get rid of the case r/:3.

Because the inclusious 0 (f D, Q h 57 e OU are proved in [2] the tl ieorem is

proved.



S u r n s  o f  D i s t i n c t  U  r t i t s

3. Observe that t l ie salne method car.r be uti l ized to show that no pure cubic

field Q ti/mlis in DL". One has only to uti i ize a result of Delaunay [] who proved

that  in  Q f i  rn)  one can f ind a fundamental  uni t  o f  the form a+b j [  m + c i /  mt  wi t t '

o .b,  c :  e Z and posi t ive.
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