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Summary. We give an asymptotic formula for the number of natural numbers (x which have

at most m (n a natural number) distinct factorizations in a given number field.

1. Let r( be an algebraic number field. Denote by F,n(K) the set of all natural

numkrs which have at most ru distinct factorizations into irreducibles in K and by

F^ (x) the number of integers in -F,, (K) which does not exceed x'

The asyrnptotic formula for ,F, (x) was obtained tn 12, 3l (in [3] even with the

rernainder term). Allen in [4] gives an upper bound for Fo,@),m21'

We use the method of [1] where a similar problem for algebraic integers in K

was solved, and Prove

TnpoRErr.l. If K is an algebraic nurnber feld with class nwnber h+7, then

4,, (x):(c+, (t))f Jt:;;:-:* ,

where q is the tlcnsity of primes which haoe only principal ideal,s in their decomposi-

tions into prime itleals anrl N,,, is a positiz;e constant depending on K and m.

2. Let 7 be a rational Prime and

(P ) :F '  " " ' To

its decomposition into prime ideals. The collection {Xr, ..., Xn) of elements of class-

group II(K), such that s;e X,, will be called an orbil of p. If o is such an orbit

ihen Uy Po we denote the set of all rational primes which have O as their orbit' The

following lemma is a consequence of the proof of :r similar lesult, obtained by

Odoni [3].

Lnuul l. For any otbit O, the set Po is finite or

p - s  1

l ,r- '  
:q(O) log -;*s["),

p e P o

where q (O)>0 and go@) is regular for Res)l '
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Denote by P' the set of all primes which have in their orbits only unit elements
of H(K), and let Or,...,O, denote all orbits*{d ...,E}, E-a unit element of
H(K). The set of primes corresponding to the orbits Or, ...,O,will be denoted by
Pr,...,P, respectively. Assume that Pr,...,P. (r(0 have positive densities, while
all the others are finite.

If n is a natural number

, o(,r\ olt\ o{r) .{r)n: ,  P  r , ,  . . .  P  , ,L , . . .  Pr ,  ,  . . .  P i , . i , ,

where n'has only pr ime divisors from P'and pi , tepr ( l<i<t,  1( j (k,) ,  then we
shall say that the system

t (n):({af), ...,4t,)\, ..., {dl, ..., of)}>
is the type of n. Define

d  ( r ) :  t t  { a [ i ) : t :  1 (7 ( r ,  I  < t<k ] .

Lr}'r}r.q. 2. Let A be any set of natural numbers satisfying the following conditions:
(D If n e A, t (m):x (n) then m e A.

(ii) There is d constant B such that ne A implies d(r(n))<B.
Then for the number A (x) of numbers n in A v'ith n{x one has

A (x) : (c + o(rD I l"s 
t:1")"' 

.
( log x;t  

-c '

where q is the dansitt '  o.f P', ff.r:max {a(r 61): ne A}<B (see [t], 3 (b)).

Froof of the theorem. It is sufficient now to show that the set f i (K) satis-
lies conditions (i), (ii) of Lemma 2.If r Qi:r (tn) then m and n have the same type
in the sense of [l], und so they l-rave the same number of factorizations in K. This
proyes (i). Condition (i i) is a consequence of Lemma I of [ l].
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fl., Cnwaa, O pouroxenurx qeJr.tx paqfloHa,rlhlt'rx rrnce,,I B q'cJtoBblx no,!flx

CogepxaHne. B pa6ore AoKa3aHa cccr.runrorudecrcaa $opuy,.ra An, KoruqecrBa rroJroxr{Tej.rbnbrx
ue'rblx quceJT <1,r, y roropurx ne 6onrme rIeM /r? po3rrnqHblx pa3noxeHux na HerrprrBoArrMbrg
MHOXIITettr B AaHOM qnCnOBoM noJle.


