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Summary. We give an asymptotic formula for the number of natural numbers <x which have
at most m (m a natural number) distinct factorizations in a given number field.

1. Let K be an algebraic number field. Denote by F,, (K) the set of all natural
numbers which have at most m distinct factorizations into irreducibles in K and by
F, (x) the number of integers in F, (K) which does not exceed Xx.

The asymptotic formula for F, (x) was obtained in [2, 3} (in [3] even with the
temainder term). Allen in [4] gives an upper bound for F, (%), m=1.

We use the method of [I] where a similar problem for algebraic integers in K
was solved, and prove

TueoreM. If K is an algebraic number field with class number h+#1, then

x (log log x)N=
Fa@=(C+o ) = o
where q is the density of primes which have only principal ideals in their decomposi-
tions into prime ideals and N, is a positive constant depending on K and m.

2. Let p be a rational prime and

(P)=Pi-* By

its decomposition into prime ideals. The collection {X, ..., X,} of elements of class-
group H (K), such that ;€ X;, will be called an orbit of p. If O is such an orbit
then by P, we denote the set of all rational primes which have O as their orbit. The
following lemma is a consequence of the proof of a similar result, obtained by
Odoni [3].

LemMaA 1. For any orbit O, the set Py is finite or

p—*s

Zp‘5=q(0) log

peP,

+2p,

s—1

where q(0)>0 and g, (s) is regular for Re s=1.
[313]
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Denote by P’ the set of all primes which have in their orbits only unit elements
of H(K), and let Oy, ..., O, denote all orbits# {E, .. E}, E— a unit element of
H (K). The set of primes corresponding to the orbits O, ..., O, will be denoted by
Py, ..., P, tespectively. Assume that P,, ..., P, (r<f) have positive densities, while
all the others are finite.

If n is a natural number

e af) aSr) agt)
n=n pl,1 pl’;‘l... 1 t,l::’
where n’ has only prime divisors from P’ and Di,; € P (1i<y, 1€j<gky), then we
shall say that the system

t(m=a®, .., a}, .., {a?, ..., aP}>
is the type of n. Define
d@)=p{a”=1:1<j<r, 1<i<k}.

LEMMA 2. Let A be any set of natural numbers satisfying the following conditions:
) Ifned, t@m)=1(n) then me A.
(i)  There is a constant B such that ne A implies d(t (n))<B.
Then for the number A (x) of numbers n in A with n<x one has

x (log log x)N4

A(x):(C+0(1))W,

where q is the density of P', Ny=max {d (t (n)):ne AY<B (see [1], 3 (b)).

Proof of the theorem. It is sufficient now to show that the set F,, (K) satis-
fies conditions (i), (ii) of Lemma 2. If 7 (n)=1 (m) then m and n have the same type
in the sense of [1], and so they have the same number of factorizations in K. This
proves (i). Condition (ii) is a consequence of Lemma 1 of [1].
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S CJIPIBa, o PO3JIOKEHHAX LeJIbIX PANMOHAIBHBIX YHCEJ B MHCIOBBIX NOJIAX

Conepxaune. B paGorte noka3aHa CCCUMOTOTUGECKAS dopmyia 1ns KOJMYECTBA TIOMOKHTENHHBIX
LEJIBIX YMCET <:X, ¥ KOTOPbiXx He OOJIbIle 4eM i PO3JMYHBIX PA3IONEHUH Ha HENPHBOUMbIE
MHOXHTEJIA B JTaHOM YHCITOBOM TIOJIE. '



