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l .  Let N >-) 3 be an intcger. A scclucnct'of intcgcrs o,17 &2, ... is wt:ul; lrt

tr it i formly distribu,tctl (moc1-Y) i l trntl only if, for t lvcly pair of intt.qcrs

j , .  j ,  r r i th  (J , .  - t ' )  - .  (Jr ,  -T)  - -  1 ,

\ - 1

, r  j1 -mnd - \ r

t .  t 1 !
l l l t r  - -  

, - i  
:  r r

r - . :
, ; , ,  r :  l ,O , - l  \ )

Irr 'ur-ir.. l t tt t l l t. :, i  , ' :  ,.r. , -r, . I i . irrl irr itc, Fol' sl lortltess \ve rt 'r itt l  t irr lt

>nch a s{ 'QUe Lct  r }  \ \ ' l  l )  l i - r , , l  - ' t -

We use thr  t r , l l , ' r r i ig  t r , , r i i i i r , r " . i i i ,n  of  t l r t ' t i rcoretn r t f  - \a ' r l i i t :n ' icz [ ! ] :

Let  J@) bc u r , t i t l l i l t l i , , t i i " t .  , , ' t111( i ' -1 ' ( l .u( : ( l  Iu l tc t io l t  sur , : l r '  tha l .  for  creru

integer  h l i^ ,  t l iere e. , ' i ; t 's  ( t  1J, - t l . t t  t , , t i / t r r t l  1 l - r ( ' , ' )eZlu l  ani l ,  f (p t ' )  l l ' , . (1 t )

lor all pr' imes p. Let, i i tttt 'ctrt 'r i.

R * ( f  ,  - e )  : .  { r e# ( f ) :  } f ' - t . /  r  =  / ' , n r r , , L^ \  )  , l i ( s  &  so l l t t i o l x  i n  { } (N ) } ,

uihere G(Il) denotes the multi l t l icatite l l t(.tt( j) r,,J res'id,ue classes relatircly

prime to i. i , and, let A1,ff, f) Dc tlte rjuL,Jt,rttp of {}(N) generated by tlrc set

Itk : I?kff, ){).
I J  R r ( . f , f )  - - . . .  . - f l , , , r , ( . / . ^ l - )  .  O  t t r r t l  R , , , ( / , r )  t ' O f o r s a t t l c i " t r ,

t l ten,  l l tc  se( lu€nce J$) , f (2) , . . .  ?s 1\ -UI) (ur t i r l ,1 ' )  i f  an 'd only  i ' f ,  for  i .L : , . ' ry

l to t l -p f  i l t ( ipu lcharet ter  7of  ( i (N) toh, ic l t  is t r i r : ia lon,4.m1t 'here er ' is ts  &pr i t t lep

sltch that

. 1  t F ,  i . \t - l  
) ' r ,u? i ) )p - i  

-  :0 .

In papcr [2] thosc nurnb{rrs i for which functions d,(n) and. tp(n)

are WUD(mod?[) lvere also found.
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2. The aim of this note is to prove the following

Trmonnu l .  The sequenae o(I) ,c(2), . . . 'ds WUD(mod'- l [ )  i ' f  and'  only

i f  6+N.

Proof.  f 'or / ( i i )  :  o(n),  we have Wi@) :  1+ t  i  t2 -  . .  '  - : -  r t  '

(i) Let at first 2tN. In this case

R, :  {n (  -A-:  (ra,  l f )  :  @-1_, rY) :  1}

is non-void as 2eR.. Let - l -  :  pi 'p; ' . . .pW @t * 2).  Then

G(-N ' )  :  G(P? ' )@G(P; ' )@.  . .@G(P?) ,

and so we can represent every element y of G(-N-) in the fonn (yt , llz', " " ll*)
with 3ri rG(Pid), 11n: Y(mod'Pii).

In this notation .4r is a subgroup of G(r\') generated. by the set

{ (A , . ,  A  
" ,  

.  .  - ,  U  * )  :  U  t  7  1  (moctp ; ) ,  U  i 'G  (P i i ) } '

Dcnote lty gr., gzt ..., gr t' lnc. primitive roots mod pit , pt", '.., P7,k '
respcctively. Since gi * L(mot[p1)1 thc elements

( - 1 ,  . . . ,  - 1  s  g t t  - 1  ,  . . . ,  - 1 )  f o r  z  :  L , 2 ,  . . . r l t

bclong to -R, and so the elemcnts

( 1 )  (  - 1 ,  .  . . )  - L ,  g T " + t ,  - 1 '  . . . ,  - 1 )

:  ( - 1 , . . . ,  -  L ,  g ; ,  - 1 ,  . . . ,  - 1 ) ' " + '

and

( 1 ' )  ( 1 , . . .  , L , g 1 ; . ' r 1 , . , . , 1 )  -  ( - 1 r . . . r  - 1 t 9 i ,  -  L , . . . ,  - 1 ) t "

bclong t'o Ar.
Assume now tha t  9 t  *3 ,  i ,  :L t2 r . . . r  L ' .  Then thc  congruencc

(2)  2w6:  - l (modPi r ;

has a soluti onw, eG (pii) such t]nat wo t' 1(moclpl). Ind.eed, ,f w, : 1(moc1p1)'

then -L:2w;:2(mottp;) .  But i t  is impossible, s incc ?; *3'  Further,

wc have

( - 1 , . . . ,  - 1 ; u i t  - 1 , . . . ,  - 1 ) ' ( - 1 r . . . ,  - L r 2 ,  - l r  " ' ,  - 1 ) '

' ( - 1 '  " ' '  - 1 )

: ( - ! , . . . ,  - 1 , 1 ,  - 1 , . . . r  - 1 )  e , 4 ,  f o r  i : I , 2 , " ' ) k '

tr'rom (1) antt (1') it follows that

( 1 , . . . r 1 , g 1 r 1 , . . . , 1 ) e A 1  f o r  i  :  I , 2 , . . . ,  k ;  s  : L , 2 ,  " '
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Tlrrn

@ 1 r , g i r , . . . ,  g " * ) r A r ,  s r  : 1 , 2 , . . . i  i  : 7 , 2 , . . . , k ,

and s0. in this case, /1 : G(X).
N o w .  l e t  N : 3 " . p i 1 . . . . . p f l h t d 2 I .  I n  t h e  s a m e  w a y  a s  a b o y e  . w e

infer that i f  a6eG(7t i i ) ,  d :  I ,2,  ' . . ,  k,  t 'hen

( 3 )  ( L , a r , , . , r a a ) e t l 1  o r  ( _  I , a t r . . . , a 1 r ) e A 1 .

I f  d . r ] r = r " *  i s  a  s o l u t i o n  o f  ( 2 ) ,  t h e n  ( - I , u t r . . . r w i e A r a n d '

( - 7 , 2 r . . . , 2 ) ' ( - 1 '  ? { ' r r  . . . , w * ) ' ( - 1 ' . . . ,  - 1 )  :  ( - 1 ,  1 , . . . r L ) e 4 1 .

Ilence (3) intPlies

( 1 )  ( 1 , g i t ,  . . . , 9 ' { ) e 1 ,  f o r  s n  : 7 t 2 , . . . )  i  : 7 , 2 , . . . , k .

Now. let g bc a primitive root mod3". Then

( i )  ( g t ' ' ,  1 , . . . , 1 )  -  ( g .  _  1 , , . . . ,  - l ) : s e  z l 1

and

( 6 )  ( g ' " * t ,  1 ,  . . . ,  1 )

:  ( - 1 r 2 r . . . r 2 ) . ( - 1 ,  u ' r ,  . . . ,  w ) . ( g ,  - 1 , . . . ,  - 1 ) 2 u + r e  / 1 .

Comparing (4), (5) anaL (6)' we infer tL.at At: G(iI). This' by Nar-
kie 'n ' icz [2] ,  impl ies that the sequence o(1) ,6(2), . . .  is WUD(mod-A')
for every -lI otld.

( i i )  Now, let  i r  bc an eYen numberr l - :2" 'pi ' ' . . . 'p irk.  We have

, R', - O but Itz + A' Indeetl,

Wr(u)  :  n2 lu*L  and 1  :  Wr( i l -1 ) (mod- l [ ) ,

' so 7 eR2. Now, we have

G(x)  -  G(2" )@G(Pi ' )@. .  .@G(Pf tk ) .

\\'e lrite the elcments of this group in the form

l t  - -  ( ! to ,  !1 r ,  . . , t ! J * ) ,  g r "  -  3 r (mod g3" ) ,  U*eG(p is ) r  I  :  0 ,  1 ,  . . . ,  L

(hcre 2" : Pto).
In ordor to provc that Ar: G(^t) it is sufficient to shov'that, for

i  :  I r 2 , . . . ,  / c  a n d  s  B ; e  c  { L , 2 , . . . } ,  t h e r e  i s  ( 1 , 1 , . . . , 1 , 9 1 , L , . . . , I ) e R 2 ,
where {d}u.s;  generates G(pit) ,  and.,  for se8o, there is (4",1,. . . ,L)eR2,
where {a"}r .so generates G(2").But this holds true i f ,  for i  : I tZr. . . ,k,
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the ccngrncnces

(7 )  n2+ i ) *1  =  1 ( t t t o t t p i ; ) ,

(8) x;2 .- n -l--1 - gi(rnoc11,it) fot' .t .,\ i .

(8') r:2 * n -l- 1 : a" (mot12") f el: .t e ,!e

havc the solut ions , r ie{ i (pt i t ) ,  roeG(2") .

Congruencc (7)  hrs such solut ions:  r i r? .  p i t - t .

Obscrvc that 12 1 t -- I -:= y" t y ,1(nrocl 2") iul"rl ies

! "  |  ( , r  -  y ) . ( n  - ,  i /  +  I  ) .

S ince the in toget '  , '  : '  l l  ) -  1  is  t i< i r1 tor ' , re  .  11 c(  i (2") ,  t l r t ' r t r  is  : t '  .  l t  i  r l r l ! ' ) .

S o ,  f o r  r . , - ' . 1  , i ) . i t , . . . , l " - - I ,  \ \ ' ( ,  o l r t a i n  i l i s t j n c t  ( m o c 1 2 " )  t i t l i t t ' s  r t f

a2 t ,  t ;  - l -  1  .  I  Ic ,nct ' .  fo l  cvt , t ' r -  a  <( i  (2") ,  t l t t . re  t r is ts  , '  e  G(2")  ,s t rc l t  t i r r t l

J ; 2  1 i t  i  - o ( r i r o c l 2 " )  .
r l ' l l i {  Soi - , - ( 's  (S ' ) .
( 'onsidt,r 11rc congrncnce

(9) 
"f"(.r,) 

..- t; '  t, :t: '  I - gi, - 0(tt iotlp")r

wherc p = 21and g is a primit, i l 'c root rnodp".

I f  ro sat is f ies f " ( ru) :0(moclp)  and / ' ( ' r 'u \  + 0(mocl i r ) ,  1 , i tcn 1, lLc

cquation /"(r) - 0 has a solntion in p-aciic inl,t 'gcrs, a,nc1 s(). fr;r ' t l l-cty

integcr a, conglucncc (9) ltas 1,ltc solution r s:r,t isfying n - no(moil2)

( sce  [1 ] ) .
The congmcnc<r

. f '  (n)  =" '  2nr '  r  :  0(nrot1?)

ha,s thc onlr- sohrtiorL

,  
t t  

= 
t  

( r r roelp)  .
2

If

. . s  .  / / - r1 -  p - I
, " ' t ' r - /  '  2  

- l  l ( r r rodP) '

thcn, for such s, congrut'rlcc (9) is t,quivalt'nt to the congi:uence ./' '(;r)
:  0 (modp). I f

n 2 i x * 1  - - ! J 2 + t J i 1 ( r n o t 1 2 )  t t t r  r  + = l l t n t  l l u G ( P ) ,

t h e n  p  l n * y  - r 1  t r n t l  y  :  p  - r ' - 1 .  I { e n c c ,  f o r  u e { 7 , 2 t . . . , P  -  L l ,  r v c
get (p -I)12 intcgels distinct (rrrocl2) rvhich arc vltiucs of .r'- :- r+L.

Among thern may apllear'0, so n-c tlrn assunlo thrlt (p-3) j oI them

belong to G(p).
We prove the follorving
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LnulrL. Let p ba a prime greater than 7, g - a' prim'itr'iDe root n\od.p,
&tld, A - {grr, gkr,..., go"} - G(p) e, set conta,ini,ngl at least (7t-3)12
di,st i t ict  elcments of G(p) such'  that al '  least one of k i ,  i  :  L,2, . . . ,  s, ' is od'd.
Then A generates G(pt).

Proof. Let, G(A) bc a subgroup of G(p) gencratetl by ,4. For ? )'7,
we have (p -B)12 >  (p -1) i3  anc l  carc lG(A) lp - I .  I f  G(A)  lG(p) ,  t J ren
carclG(/)  == (p-1)/2. Thc, group {gt,gn,. . . ,go- ' }  is t i re only sulrgroup
otG(p) rrhicir has (p -7)l) clc'mcnts, but evcry elemcnt of that sul,rgr:oup
li:i,s an cvcn otdcr. This gives G(-4) : G(p).

It follows from l,iris lcmrna tliat integers I{L) kz) .. ,, l i" generate an atkli-
t i r .e  g ronp Cr ,_ t  -  {0 ,1 ,  . . . tp -1 } .  I Ience,  fo r  some in tcgers  b 'b r , . . .
. . . ,b ,  )  0 ,  wc  h : r ,vc

a

!  a , i ,  r  i  ( n  - 1 ' ) / ,
, ' 1 " I  

_  \ /

/ . - I

Lt ' t  {gr ' r .  gut ,  . . . .  gA'" }  bc l i i t '

l  L e i  1  l l ( '  ( ' o l i ! T t l r ' 1 1 { ' t '

, r  -  , )  -  L

srt of all clisi,irrct clcrncnts of G(p) srLch

- ! .1  i  -  0 (nro t l2 )

j r . as  a  So l l r r i L , i r  , ;  , e ( ' , t 1 i \  . i . yp  1 t l ; .  Th rn  t hc  congTuen t ' c

. , t  . i  1-  4r"  :  [ )  qnor lTr ' ' )

I ras a lso A - . r - rht t i r ,n  , i : ,e( i11i ' .1 .  I f  i r t "  l t , t rs t  o l lc  of  l r ,  / , r ,  . . . , I i "  is  c ldc l ,  t i i t ' r t
( inr  lemnra inr1. '1 i t r  th t  ex i . t t 'nct '  o f  nou-r icgat i re br ,br , . . . rb"  sucl t  t . l i l r t

(g,, r)ot - Ot + {;t,- r)r (rnodp").

Obsen-e, f i rst ,  that w() can assume thl t  a, t  lcast onc of kr, l t2, . . . ,1;"
is not divisible b5' p. Indcecl, if thc congru('nc()

n 2  + n ) - I - g k . .  -  0 ( r n o d ? " )

Irtrs a solution in G(p"), thcn the congluoncc

n2 + n+ 1- ntt i+n-L :  0(modp")

rr , lso l i r rs a roiut ion in G(p").  So, rvc carr choosc the intcgers r l '  Zl2,  . . . .  D. i t l

if \yay such that p clocs not divide ) brltn. Then

"  

n : '

{  } t  r " l , ' , . . r ( t , " ) i  =  1.
|  / ,  r  t l  t  \ t  l l' i =_ ,

and. this neans thal, gbr&r+"'+''sfts gcnerates G(p").

sn
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Now it is sufficient to prove that among the integers k'kr,...rk",
for which the congruence

n 2 + n + I - g t ' i :  0 ( m o c t p )

has a solution reG(p)f {(p -L)12}, at least one is odcl. Suppose it is not
true. First we assume tlnat,p > 7. If (Slp): -1, then 3 : g2'+r(moclp)
fo r  somc s ,  and"  as  12*1+1 :3 (moc lp) ,  so

nz + fr+ 1 -9'"+t :  0(moclP)

lras a solut ion in G(p)r{(p - \12}.

Ilowever, it (3lp) : -1-1, then

l ( ( p - t ) 1 2 ] | ' z + ( p - 1 )  r - l \  l ( p ' - - 3 )  1 \  / 3 \
I  l : t  l - l - l : - 1 ,
\  p  /  \  p  |  \ p l

and wc inler that

l n - L \ 2  n - ] -
( ' ,  /  + 'z +r

is a quadratic rest mod.p. Then the polynomial frz+frf1 gives, for n
: l t2t . . . t? -1, quadrat ic rests only.  I t  means that,  for every quadrat ic
resl, r, there exists u eG(p) such that

n 2 + n + 1  - r ( m o d p ) ,

and, fintr,lly,

(ry) :*r,
\ p l

since the congruence

02+nf  1  -  r (modp)

is equivalent to the congruence

( 2 n 1 7 ) 2  : 4 r - S ( m o d p ) .

Then also

(1a.1) : _1
\ p  I

for all quarlratic non-rests modp.
Th is  imp l ies  tha t ,  fo r  every  r ,  1 ( r {? -1 ,

/ r \  /a r -3 \
\ol: \ 

" 
/

and the element r(4r-3) is a quadratic rest (we put (0/p) :1).
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Now, let rr' = I (moci p). Then

4-3r '  :  r '2 r (4 r  -3 ) (modp)

is also a quadratic rest. Ilowevet, fi ,, * rr(modp), then also ri *r,
(moclp), and so, for some integer r', the element 4-3r'is a quadr:r,tic
non-rest. A contradiction.

For p :5, rne will show that therc cxists a plimitivc root g rnod"5"
such that the congruenee

n 2  + n + ! - g  :  0 ( m o c l 5 " )

has a solution neG(5"). Ind.eed, since 3 is a primitive loot mod i, thcrc
exists a primitive root g mod 5" such that g - 3 (moit 5) antl that thc
congmencc

n 2 + n + 7 - g : 0 ( r n o d 5 " )

is ecluiralent to

. i :2  - . r '  - -  7  -  g  :  0 ( tnod 5)

i l  i t  h a s  i i  : r , r l u t i . n  . i . '  :  ( i - 1 )  :  : 9 .  B u t  1 2 + 1 + 7 - g  : 0 ( m o c 1 l - r ) .
Similarly. ior ? : i. thc lrinritive root uiocl 7 is 3, (7 -Dlz -- iJ: a1d
12 + 1! 1 _,3 . :  [ r  r lnc,t l  i  t .

From ell tiris it f, '1lr-,rr-. thirt. for J c,rcn such that 3{I, the iicquer}ct)
o (1)  ,  o (2) ,  .  .  .  i .  \ \ -L  l )  ( tno t l  ̂ \  ) .

I - l e t  n o n -  - \ -  :  ' r ' ' 3 t ' p i t ' . . . ' ! f t k , ,  u - , > I , 0 > 7 . I f  6 s - 1 - r ( m o t l  l ) € ( l ( f ) .
then either r' - I or i' - ;]. 1\-c' have

(6s  -1 )2+ (6s  +1)  + f  = : :  Q(mef l  i ] )

anrl

(6s -1 5) '?* (6s * I l )  f  1 -  1(rnort  6).

Therefore, in -R, there are only clcments of thc form 6l*1. Since
the prod.uct of two elcrnrcnts of thc form 6111is also of that fornr, in -1,
there arc only elemcnts of thc forn 6Zl-I. fn orclcr to pror-c thrrt ,1,

+ G(tr'), it is sufficicnt to show that thcre cxists an integer s snch that
6s- i-5.6(-r \r) .  But i f  571-I-  ancl  \v+t{N, then s :  ^- i5 'sat isf ies our cont l i -
tion.

Thus, to complete the proof, it is sufficicnt to show that, for' l' - 6.}'r
and for every non-principal charactcr 7 of G(f) n'hich is trivi:r,l ort -1".
therc cxists no prime p such that

(10) '+), '  r(#)p- i , ' -0.



-ro J .  S I ,  I W A

\1:c have
,  @  t ^ i + r  1 \  f  f ,  i . r  

1

I Y ' I 'P-- -: l r,- ' t i ' ;  = \ ,-r ::
lz . ,n \z- r  l "  l -2 '  rP-r
' l : r  J - i

: rnt1, for 1t)Jt  l l ( /p-1) < 1. Thus, i l  (10) is sat isf iet l ,  t1 i 'cn p -2 or

p : ' : i . l { p  . : , 3 ,  t h c n ,  b e c r u s c  o f  2 l ( 3 " - ] _ ) P ,  w e  h a v e

/ : i t " - 1 \
xl  "  l  0

antl

'  t ,z (r l  .,, 
t) ,-,, t 'r 1i -- 

t 
1 ,-, j , ,  ,  . j  .  t

- - . , ' \  :  I  ; t  j . r

I t  1 t  .  
' ) .  t hc ,u  3 l J t ^  -1  : l n t l

@ r c

\ :7,: ;-r- t)r- , ' l  :  l I rrr"* ' -Dz-i  la -Jr- '  I '
' 7 - t  i . - r  t : r

wltcnct' ri't.' sec thlrt

t+ ix(2i+' 
-t1z*it ' -- o

i : r

onlv if, fr.r1. ct'tly i, r.(Z'i" -1) - -1' But this is irnpossible becausc

ff  f  i f . ' t lL, ' .  7(9:;+; 1) ' -  0 ancl i f  7tr '  thc'  7 eA, and'X,g) -  1 '  In thc

scconri t' l ist,' i etl" bcca,uFic tlac congru('llcL)

n' +'n -l- 1 = ? (tnot1 3P)

has lt soh,rtit-iir .; '.G(3P) a,nd- bccausc the eletncnts

( 7 , 7 , . . . , 1 ) . ( 1 . 1 , 7 ?  ! ,  - . . , 1 ) ,  ( 1 ,  L ) r ) 7 ) L ,  " ' , 1 ) ,  " ' '  ( 1 '  " ' ' ,  1 '  7 )

bclong to ,1r.
I lence thc proof of ortr thcorcrn is complet'c'

3. It woull ltc of intcrt.st to knorv for rvhich -lI the function

is wut,) (moc1 I ) (P S44). Ior y : 0, therc is oo (za) : d'(tt). Those nunrberslv.

for rvhich rl(fl) is \ruD(moclJ) wc,re founcl in [2]. Thc answer in the

ca,se ?, :1is given b1. The6ren 1. For u)-. 1, the follos-ing theorem gives

a 1lrrt,ial ans\rer:

o , Q t ) :  ) d i
d \ n
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T l r l ru lEu 2 .  I f  ( t ' ,  q ( l - ) )  :1 '

onlu ' i , f  6 i)- .  f  J E(.} I) lu,  then o,(n)
is \\'UDiuocli-) (see l2l).

Tirc proof of the first Part of

of 'Ihcc,t't'ru 1, and thc proof of
(, ' ( , I ' i ) l l r l r ' -a. '  1 in [2].

then o,,(n) i,s WuD(nrod.Ar) if antl
fs \TUD(mod.})  i f  and otr , ly i , f  d ' (n)

Thcorcrn 2 is aur logors 10 thc pi 'oof
the seconcl part - to the proof of

f r -
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