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1. Let N == 3 be an integer. A sequenee of integers ay, a,, ... is wealkly
uniformly distributed (mod N) if and only if, for every pair of integers
JisJe With (jo V) = (o, V) = 1,
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provided the set Jrow 0 Moo= 10 ds infinite, For shortness we write that
such a sequenice Is WUD ot o,

We use the followipe roodification of the theorem of Narkiewiez [2]:

Let f(n) be a multiplicatize. integer-valued function suech thal, for crery
integer k> 1, there erists o pulynowiol W, (r)eZ[z] and f(p"y == W (p)
for all primes p. Let, moreorer.

B(f, N) = {reG(N): Woio = rimodN) lhas a solution in G(N)},

where G(N) denotes the multiplicative group of residue classes relatively
prime to N, and let A, (f, N) be the subjrovp of G(N) generated by the set
Ry = By (f, N).

If Ry(f, N) = ... = R, ,(f.N) = O and R, (f, N) # O for some m,
then the sequence f(1),f(2), ... 4 WUD(modX) if and only if, for ccery
non-principal character y of G(N) which is tricial on A,,, there exists a prime p
such that

14 X y(f@)p~™ = 0.
=

In paper [2] those numbers N for which functions d(n) and ¢(n)
are WUD (mod N) were also found.
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2. The aim of this note is to prove the following

TuroREM 1. The sequence o(1),c(2), ... i WUD (mod N) if and only
if 6¢N.

Proof. For f(n) = o(n), we have W;(z) = 1+atas,.. Lol

(i) Let at first 2+N. In this case

R, ={n<N: (n,N) =(n—1,N) =1;
is non-void as 2eR;. Let N = p{lp32... pi* (p; # 2). Then
G(N) = G(p)DEG(p2)D ... BG(pF),

and so we can represent every element y of G(N) in the form (yy, ¥s, .. .v Ui)
with y; <G (pii), ¥; = y(modpy).
In this notation 4, is a subgroup of G(XN') generated by the set

{(U1y Yoy -y Vo) ¥ 7 L(modp,), y; «G(P)}

Denote by gy, gsy ---5 g, the primitive roots modpil, p32, ..., Pit,
respectively. Sinece g; # 1(modp;), the clements

(—1,..., —1,¢; —1,..., —1) for ¢ =1,2,...,k
belong to R,, and so the elements
1€y (—-1,..., —1,¢%%, —1,..., —1)
=(—=1,..., =1, ¢;, —1,..., —1)¥*"
and
(1) 1,...,1,6¢51,...,1) = (—1,..., —1,49, —1,... —1)*

belong to 4,.
Assume now that p; %% 3, 4 =1, 2,..., k. Then the congruence

(2) 2w; = — 1(modps?)

has a solution w; «G (p{?) such that w; #= 1 (modp;). Indeed, if w; = 1(modp;),
then —1 = 2w; = 2(modp;). But it is impossible, since p; # 3. Further,
we have

(=1, .0y =1 205 —1y ey —1) (=1, .y —1,2, —1,..., —1)-
(=1,..., —1)
(=1, —1,1, =1,..., —1)ed, fori=1,2,...,k.

From (1) and (1') it follows that

(L, 1,051,...,1)ed;, fori=1,2,...,k s=1,2,...
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Then
(93 9% o ik e Ay, s;=1,2,..54=1,2,..., k,

and so. in this case, 4, = G(N).
Now, let N = 3%pfi-... -pi¥, a > 1. In the same way as above we
infer that if a,¢G(p3), ¢ = 1,2, ..., %, then

(3) (Ly @y, ...oaq)ed;  or  (—1,aq,...,a;)ed;.
If {w0;}1-;<r is a solution of (2), then (—1, w,, ..., w;)e4; and
(—1,2,...,2) (=1, 0wy, ceeswy) (—=1,..., =1) =(—=1,1,...,1)ed,.
Hence (3) implies
4) (L, g% cooogikyed;  for sy =1,2,...¢=1,2,...,Fk.
Now, let 4 be a primitive root mod3®. Then
(5) (¢ 1. 1) =(g. —1,..., —1)*ed,
and
(6) (g%, 1,...,1)
= (—1,2,...,2) (=1, @y, ..., we) (g, —1,..., —1)*ed,.
Comparing (4), (5) and (6), we infer that A, = G(N). This, by Nar-
kiewicz [2], implies that the sequence o(l), ¢(2), ... is WUD(mod N)
for every N odd.

(ii) Now, let N be an even number, N = 2%pfl-...-pzk. We have
R, = @ but R, # . Indeed,

We(x) =a2*+o+1 and 1 = W,(N—1)(modXN),
50 1eR,. Now, we have
G(N) = G2)DE (p)D. .. OG(pi*).
We write the elements of this group in the form
Y = (Yo Y1y ooer U)y  Ys = Y(M0dpss), YseG(pie);, s = 0,1, ...,k

(here 2¢ = pgo).

In order to prove that A, = G(N) it is sufficient to show that, for
i=1,2,...,kands S;ec{l,2,...}, thereis (1,1,...,1, 6, 1,...,1) eR,,
where {g;};.s, generates G(p%), and, for seS,, there is (ag,1,...,1)eR,,
where {a,},.5, generates G(2%). But this holds true if, for ¢ =1,2,...,k,
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the econgruences

(7) 22+ x--1 = 1(modpf),
(8) 2241 = gi(modpy)  for seN,,
(8" 2241 = a,(mod29) for ses,

have the solutions x,; eG(p5), a,eG(27).
Congruence (7) hag such solutions: o; = pyi-t
Observe that a2--a--1 == ¥y -+ 1{(mod2%) iinplies

(e —y) (et y-1).

Since the integer .« -y 21 is odd for o, ¥ <+ (2%), there s == p wnad27).
So, for o =1,3.4,....2°—1, we obtain distinet (mod2*) values of
a2+ x-- 1. Henece, for every a (2%, there exists o G (2%) such that

a9

ar -1 = a(od2").
This solves (8').
Consider the congruence

9 fs(r) = a4+ a--1—g° = 0(modp?),

where p = 2, and ¢ is a primitive root modp“.

If o, satisfies fo(z,) = 0(modp) and f'(x,) = 0(modp), then the
cquation f,(x) =- 0 has a solution in p-adic integers, and so, for cvery
integer a, congruence (9) has the solution x satisfying x = x,(modp)
(see [1]).

The congruence

f(x) == 224-1 = 0(modp)
has the only solution

—1
r = P (modp).

2

If

n—1\% —1
gsi(pz )*‘pz +1(modp),

then, for such s, congruence (9) is cquivalent to the congruence f.(x)
= 0 (modyp). It

w21 =y 4y +1(modp) fer a z=y,x, yeG(p),

then ple+y—+1 and y = p—r—1. Hence, for ze{l,2,...,p—1}, we
get (p—1)/2 integers distinct (modp) which are values of @=L
Among them may appear 0, so we can assume that (p—3) 2 of them
belong to G(p).

We prove the following
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LuvwA. Let p be a prime greater than 7, g — a primitive rool modp,
and A = {g", g"2, ..., g%} =« G(p) — a set containing at least (p—3)/2
distinct elements of G(p) such that af least one of k;, ¢ =1,2,...,s, is odd.
Then A generates G(p).

Proof. Let G(4) be a subgroup of G(p) generated by 4. For p > 7,
we have (p—3)/2 > (p—1)/3 and cardG(4)|p—1. If G(A) 5 G(p), then
cardG(A) == (p—1)/2. The group {¢% g% ..., g?"'} is the only subgroup
of G(p) which has (p —1)/2 clements, but every element of that subgroup
has an c¢ven order. This gives G(4) = G(p).

It follows from this lemma that integers &y, k,, ..., &k, generate an addi-
tive group C,_, = {0,1, ..., p—1}. Hence, for some integers by, b,, ...
...y by, =0, we have

8
Zbiki =14 (p—1)t.
=1
Let {¢"1, g™, ..., ¢} be the set of all distinet elements of G(p) such
that the congrucence
A —1—g = 0(modp)
has a solutivn u;e(ipy.ip —11 27, Then the congruenee
G i - 1—g" = 0(mod p¥)
has also a solution o;e(r(p%). If at least one of ky, by, ...y kg 18 0dd, then
our lemma implics the existence of non-negative by, by, ..., by such that

s

[T = g+ mod p),

i=1

Observe, first, that we can assume that at least one of ky, ky, ..., Iy
is not divisible by p. Indeed, if the congrucnce

o ta+t1-—gF. = 0(modp")
has a solution in G(p®), then the congruence
xt+a+1—ghtPT! = 0(modp®)
also lias a solution in G (p®). So, we can choose the integers by, by, ..., b in
s

a way such that p does not divide ) b;k;. Then

i=1
(287 bik”(p(pa)) =1,
=1

and this means that g1t -+ generates G(p®).
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Now it is sufficient to prove that among the integers k,, k,, ..., k,,
for which the congruence

w2 +o+1—g% = 0(modp)

has a solution zeG(p)\{(p —1)/2}, at least one is odd. Suppose it is not
true. First we assume that p > 7. If (3/p) = —1, then 3 = ¢***'(modp)
for some s, and as 124141 = 3(modp), so

22+x-+1—g®¥ = 0(modp)
has a solution in G(p)\{(p —1)/2}.
However, if (3/p) = -+1, then

(((p—1>/2)2+(p—1>,ﬂ2—1) :(@“3)/4) - (i) — 1
p P o

and we infer that

p—1\* p—1
(2)+2+1

is a quadratic rest modp. Then the polynomial 2%+ -1 gives, for =
=1,2,..., p—1, quadratic rests only. It means that, for every quadratic
rest r, there exists xeG@(p) such that

&+ o-+1 = r(modp),

4r—3
53
D

and, finally,

since the congruence
r?4+ 241 = r(modp)
13 equivalent to the congruence

(204-1)% = 4r — 3 (mod p).

(59

for all quadratic non-rests modp.
This implies that, for every r, 1<r<p—1,

o= (57)

and the element r(4r — 3) is a quadratic rest (we put (0/p) = 1).

Then also
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Now, let ' =1 (mod p). Then
4—3¢r" = v"?r(4r — 3)(mod p)

is also a quadratic rest. However, if 7, # r,(modp), then also 7, 3£ 7,
(modp), and so, for some integer r’, the element 4 —3¢" is a quadratic
non-rest. A contradiction.

For p = 5, we will show that there exists a primitive root g mod 5°
such that the congruence

7+ x+1—g = 0(mod 5%

“has a solution xeG(5%). Indeed, since 3 is a primitive root mod 5, there
exists a primitive root ¢ mod 5° such that ¢ = 3(mod 5) and that the
congruence

R | —¢g = 0(mod 5%)
is equivalent to
22=r—1—g = 0(mod 5)

if it haz « ~olution ¢ =(3—1)2 =2, But 124+1+4+1—g = 0(mod 5).
Similarly. for p = 7. the primitive root mod 7 is 3, (7—1)/2 = 3, and
124+41+1—3 = 0mod 7.

From all this it follows that, for N even such that 34N, the sequence
o(1), o(2), ... i WUDimod N}

Let now N = 2737 pi-. .. pik, a2 1, = 1. If 6s-+-r(mod N)e((N),
then either # = 1 or r = 5. We have

(6s+1)2+(6s+1)-+1 == 0(mod 3)
and
(68 +5)2+(6s-+5)+1 = 1(mod 6).

Therefore, in R, there are only clements of the form 6/ 1. Since
the product of two elements of the form 6141 is also of that form, in .1,
there are only elements of the form 6/4-1. In order to prove that -1,
= G(N), it is sufficient to show that there exists an integer s such that
65 +5eG(N). But if 57| N and 5" N, then s = N /57 satisfies our condi-
tion.

Thus, to complete the proof, it is sufficient to show that, for N = 6.\,
and for every non-principal character y of G(N) which is trivial on .1,,
there exists no prime p such that

O (P -1y
(10) 1+ Z%(p—pjl—)p_m = 0.

i=1
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We have

> F+1__ ad 1
\ (1’ _1) —i| « N puit o
jélJ X p—1 P = ]éf D Vl"p ]

and, for p> 5, 1/(Vp—1) < 1. Thus, if (10) is satisfied, then p =2 or
p = 3. I p =3, then, because of 2 |(3% —1)/2, we have

351\
22

and
3 001 3]'%*1_‘1 . '“\,"1 32]—‘1_1‘ ) 7 1
S - 0T N L
"j=1 Jj=1 ' ' Jj=1
if p -2, then 3 2% —1 and
: iﬁ, nj+l _ 2—]'/2| :' \ ., (0241 __ —J"< \NVo—i __
:;‘/(a 1) | . 2 (2 1)2 \42 =1,
j=1 J=1 =1

whenee we sec that

8

14+ Myt =127 =0

j=1
only if, for cvery Jj, y(2¥*1 1) = —1. But this is impossible because
it 71N, then (2971 —1) = 0 and if TN, then Ted, and x(7) = 1. In the
second cise Ted, beeause the congruence
a1 = 7(mod 3°)
has o solution »eG(3%) and because the elements
(7,1,...,1).(1,1,7,1,...,1), (1, 1, 1,7,1,..,1),...,({1,....1,7)

belong to .i,.

Jlence the proof of our theorem is complete.

3. Tt would be of interest to know for which N the function

g,(n) = Zd”
din

is WUD (mod X) (P 844). For v = 0, thereis oo(n) = d(n). Those numbers ¥
for which d(n) is WUD (mod .\) were found in [2]. The answer in the
case » — 1 is given by Theorem 1. For » > 1, the following theorem gives
a pertial answer:
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TuroreyM 2. If (v, ¢(N)) =1, then o,(n) is WUD(mod N) 4f and
only if 65N, If ¢(N)iv, then o,(n) is WUD(mod V') if and only ¢f d(n)
38 WUD (mod ) (see [2]).

The proof of the first part of Theorem 2 is analogous to the proof
of Thecrem 1, and the proof of the second part — to the proot of
Corollary 1 in [2].
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