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[. Iror :r, gi,,-cn algobra,ic nutttlttlr ficlcl li lot us

tht, srr1, of those rational primcs unranrifi<ld in -[i rvhich

in If.
Nurli igvicz ([2], Chrptor {}.2.3) rLolt 'd that, if I i /(t is norinal alrl

II '(/f) .r (1. l,ht'rr thc (]alois group of 1t- t 'ontrtins :r, cvclic strb.qrottp of

inrLpx r r t r t  r , r1t , t ' t t ins 1111.  l )11r , 'on l io t t  co l ts l l tn1.  of  f I  ( l ( )  (H( I  )  -  t 'hc l l l lss

group of  / f  ) .
lf / i  is rr ci-clic e\tensior]. then rh<rrc erist rational pritrtes "' i 'hitrl l

g(,1crilte i l  plitt i t, i t lerr,l in /f . rr,ntl so in thiS cltsc II '( l{) ' t O. ln i iJ It

p.4134, ir,nexrunple \ra,S gi\-(,n of lr non-c,t 'cl ic cxtonsion l iwith I[ '(/{) ' '  O

(rrrrrnr:lv I i -QG), rrhere l is:l primit, ivc rrighth IOot of unitl ').

Ikrro rr,e char:i,ctcrizc thoso norrl la,l f iclds hl for whicji It)(/ i) is rtort-

t,rrr1r1,y rr,nt1 wc pro\-€ sonre rellt l ' t id fncts i lbout IP(1i)'

2. I 'ct, I i  lQltc nourr:1l rvith Galois,grorlp G. l)enote by I{r, the l l i lbcrt

clir,sS firrld of /rl. \Ytl Sh*ll ir lcntlfv, lrY Arl, in's :tutomorphism, the (lalois

srull) of I(,,/If r. ith 1;hc rrlu,s$ group //(hf) (sctl f l l). Itr is casy 1.1l nol,tr

l l r l i  1h .  r ' r l cns io r_  I { , , / ( l  i s  r t o r t r t r r ' l '  l } t ' I t o l c  i 1s  ( l * k r i s  q ro r t l )  l ) \  / ; '  ' l ' 1 " ( '

g r . ( ) l r l f  ( ; r 1 ' pcnc l s  o l t ( i . t t ( 1 i )  l r , n r l  t hca ,c t i ono f  UonHQi ) .  F ' o r t h i sa t l i on

v;o rt ' t ' i1,tr
, 1  :  ( ,  . ' , r i 1 { / I ( A - ) }

r r l  c lsr r  11 : .  l t " ,  o  c i ) .

The grr i t ip  Ci  is  r i ' r , .  1 ' . '11 '115io l l  o f  11 11i )  l r r -  ( i  '

1  ' l l t l i l  ' , . ' ( ;  L - G  ' . > 1 ,

rvhi,Le i d.r:noles thrr injcctiorr rtntl z js i, irc lcstt ' iction. ol h. For -1' c f/ (I i )

rr;rtl .; e G lr-o ha'ic

( : r )  ' t '@)X  = ' ! lXg  ' ,

nirere g tlenotes an arltil;rar)r elorl)cnt oi iJ l it]n ng -' 6'

denotc Itv II' ( Ii )
rerrlain irreduciirhr

( 1 )



J .  Sr , r \ \ ' - \

Defini t ion 1. The clements o eG artd x e H(K) rvi l l  be cal let l
related in C if there crists y e G srrch tlur,t

ftg - ,t :lntl !lt',t-o -= X,

(Noto that, for l l l l  qe (/, r i.r, ha,y1r 17o'ri 'v e H(I(\ rls z(r7,)r '( l-u; .= I ancl sc_
qucnc(i (l ) is cxu,ct.)

I ) c f i n i l , i on  ' 1 .  r , I *  H  1 r .  i l n  A i r c l i an  g ' r ou l )  i r , nc l  l e t  l t r , . . . , l t , , , e  I I  .
The cqualitt '

I t . r . . . \ t . , , ,  - -  1

rvil l  lro ca,l lcd nr,itr. itnal if

1 t , , , . . . h , , ,  I  t r - i t l r  I  i , . ' . . . < - i , . , . , _ t t t , r . - r : . l  ,

irnlrl ics uL -- r.
I ' -o l ' i t ' l t1-  grot tp ( l  i r , r t r l  i1s srrbgrorr l r  l1  l ' r ' rvr i tc  ( / rnot l  1 I  for  a,n.y srr t

rtf rt '1rt 'cscrrtltt i ' t ' ts ttf G n-it lt rt 's1rt 'ct to 11, rrnrl 1or o e (j l 'c rlt,notc bv ,r.rr '..
1 ,he sul rgroup of  G grrnor i r lc t l  ] rv  o.

TrrnoRnrr  l .  Let  I i  { )  l tc  t t r ) t 'n t&l  n i th ,  the Galo is  uror tp ( }  u ,nd ( : lo ,uu
(j) 'oup II(l(). Tlu:n tlte set IP(Ii) js non,-em,pty if antl r,rLty if t l tere e.t, ist
rela,t,r:rl o e G u,nil X e H(l{) sur:h, t,hu,t the equ,u,lity

( * )  ^ l I  q ( r r , )x . - , ,1
ae( !moi(o)

' is rtr,i,n.i,rn,uL (r\.

Proof' [rcl' 7t lxr a riltiotril l ltrirtttr rrnrantifierl in K,,, p rr, lrrirrLl irlrrr,l
in /rl tlir.irling p, :rnd [] a prinr.c ido:r,l in lfr. tlivitlinu p. Lct

f  I t ' , , l Q l

" | 1, 1
bc thc F ' r0 l r t ' t r ius: t , t t t t t t t iorp l t is t t r  o f  'p .  I ror  t i ro  l r t i r r  sr - r r r l ro l  9 f  p 1-s 1ay.

( , r , ,91 t l  I i  t ,  e l  I  l f  ̂ , ,  ? l l
\  p /  lL .p '  J l* , , ,  lL rr5) 11r, , , , , , , , , , , . , , .

w h c r .  

G } .  . .  { s  e  # :  s ( s )  , , s i

is thc dccornposition group of $. titilizing thc plopcr{,ies oi lh.e lr'rp6crrirrs
svrlbol iund 1;he e<lurulitr. d,1, : r/ (scc ll l) rve eet

(s) (nt:I\ {.t!Jt '}t,.i,,,,,t<r,>.
\ 1 1  "

( r )  This prot luct  c loes not  l l l rpcnr l  on thc choicc of  G rnol  (o) ,  s ince f6r
ltrlated o arid -X rye har.c A@)X : X.
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T l re  i dea l  p  l i t ' s  i t i  t l t t ' c l t r ss  ( (K , , lK ) ' ' } } l  ,  f  I I ( l i ) .  t 3u t  / { r r 7 I i  i s  . ' \ l r r ' -

l i : ln, so

l l i t r l i l  l / r - r , , I i l  I
I p I t .r, I "''

l lu ' r ' r r . f ' t1 t rno1 r 's  1 l l { '  { l ( rgre(r  of  p,  r ' r1 t t : r , l  to  ! l t t r  or t l t r t '  o f

|  ^ ' iQ ' l

I  u  I  
: r ! t  inG'

I f  ( p )  , -  | l r . . . p , , ,  i s  t l r c  r t c t ' o r rL l ros i t i on  o f  ( p )  i r r t , o  p r i r t L t r  i d t r l r , l s  i r t  K r

i i lL( t  l r i  e  I  ,  e  I I  ( I i )  (1  i  r r  ) .  l i t l ' t t  x- t '  s l t t t l l  t ' l t ' l l  t , l r t r  <ro l l t r r '1  io t t

1 ) r ,  . ,  1 . \ - , .  . . . ,  X , , , \

1 ) v '  , t t l t i l  , , . 1  1 t .
- \ o1 r ,  1h i r , t . s , ( | r 1  r r , n r l  s r ( f t )  d i v i t [ t ' t l t c  s l l t t r t r  i < l t r l t l  p r  i f  an r t  t t t t l v  i f

s , .sn I  €  ( ia l (Kr , , ' / f  )  , . . , .  H ( I i ) .  l lencc ( :J)  inrp l i t 's

( ) , ,  
{ i t i ' ' " ' ,  

r 1 1 , 1 , , 1 , r , , , t .  
l t  i l t t \ . t .

' l l h : r , 1  
,  i t t  v i t ' 1 .o f  ( l ) r r ' n r l  ( 2 ) ,  g i v t ' s

0 , ,  { , /  ( t )  g"" ' " " \ r€ l ; ru}( r ( r0)  .

- \ o l ' i t  i :  . r i l f i l i en t .  1 :o  o l r s r l r vc  1 ,h1 i , 1 ,  1 r  i s  i l l t t t l t L r , i l r k ' i t t  h ' i f  r ux i  o t rh '

r f  t hc  ec lua l i t )  - \ -  . . .  . f , ,  I  i s  n t i n i t n i t l .

3 .  N r r r i ' l r , t i r , : t ' r ' i l i r . r ' i ' i r r l t  r i  r ' i c r t x ' t t 1  r s  ( i ) c f i n i l , i r t n  I  )  i t t  1c t ' t t t s  o f  ( , 1  ,  I I  (K ) ,

t hc  r r , r 1  i on  o f  ( i  t qy  ! l l l i r r t n r i  t l r l  l l r L , ss  o f  I I : lG , l l ( l {  11  sh i ch  co l t t , s l r on t l s

1 r r  l Ju r  cx t t , ns ion  ( ; . ' l - r t  r [ o  t ] t i s  u ' r .  i t  t ' i 1 r , .  f r , t '  , ;  =  C  l r t r< l  ] '  e  1 / ( / f  ) ,

) ' t  ) - .  )  . . . .  . l - o t ' " t ' "

i i r i ( [ .  f o f  , t ' i t t  I t ( ] , l l 1 l i ) 1 .  t h t ' < ' l e r ru ' r r t  * . h i ch  ( i o r ' 1 ' ( r l ; po r l ( 1s  t o  t l ,

I l ' ( o )  -  , , ' ( , ; ,  o )  t ' ( i ,  o )  .  .  .  , r  ( r i " " t "  t  ,  o )  .

I ' t irr i 'ostrtou l i l l lr,r elttrtntts o r- (] o,ttt! X e H ([() u,rc rttLated ' i.f" t 'n,t l
,  ,  l . t /  i l '  - 1  u  H (1 i ) r "  I l ' ( d ) .

i 'r 'o of . Fol ovtrr'\ '  o e (1, t 'hoost'r u. e ( i sur' lr thitt '  t(tt,,,) rr atrt l

l t  l .  I i l r r , l r  t r l t r r r i r , r r t  o f  4 c l r , rL urr i rqrrc l . r ,  l rc  n-r ' i t tcr r  i t t  t l tc  f t t r r t l  / tu , ,

( h  e  I I \ / i )  , ; , ,  { i ) .  \ \ ' c  } r t r ' t '

1 i  11 ,t  '1 6 ,  t t  , ,  l t  1," r i  , ,  ,  i t  , ,  u,r , t :  (rr ,  r) , i l  , , ,

' l ' l r r L s  
t l t t , t ^ l r . t i r r . i t 1 s  d  l r , I l ( 1 . . \ - : , . t ' r ' r ' t ' l r l l t ' r l  i f  r i t t r l  o t t l t ' i f  i l l l r f i ' r ' x i s 1 s

l '  . -  I {  ( I f  )  s u t r h  t l r t t

r r  -  cor roqu i ,n r  Ma i r , ! r : ,a t i c " l  - ' -11 ' - ]  

t ' l i t \ i t ' l r " t  ( l t r r  \ " t ' t ' '  '

I r i i



l l , 2  
. r .  s r , r \ \ ' . \

I l u t  f o t '  / '  -  0 ,  7 , 2 , . . . ' ! v o  l t a , \ ' ( i

( i r . u , , ) t '  h '  t i ' '  . . . ' h " r ' , t ' ( o ,  o 1 , , ' ( r i t ,  r r 1  . . .  ! r ' ( d ] ' -  t ,  o )  u , , , , ,

l  ircl lcc

. \ '  i i  
\  

" l1 ' - ( , r ) .

4 .  - \ 'orv uc g i  vc sonr( .  ( 'o t ls( ' { l i r ( ' t l ( t { fs  of  ' l ' l t t 'o l t ' t r r  l .

( ' t r t t t r i . t . . t t t t '  l .  St tpyt r is t '  l l t rd  ( i  r t t : ts  t r i , r : ' i r i l l t l  , , , ,  I l  t  l i  1"  I lu t l t  oJ lh ,

J l l l ou : i t t t 1  t ' r t i r r , i l i t t t t s  i - *  eq t t i r r r l t , r t  t r t  I l t ( l i 1  , , : ,  t r \ .

( ,11 ' I 'h t ' r  c , r is t  t 'datet !  o  e ( l  r r t t t l  . \ 'e  11 ( I i )  s t rch l lu t t

(orrl rr ) (orr[ I ') . I h' : {) ] .

( lt) 1' ltr:t ' t: t:,t ' isls t1 eG o.l rtrt let' I l i : (,) .

l ' t oo f .  I n  l h i s  t l t , s t t ,  , l ,  ( r l ) -Y  . f  f o  r t l l  r r  r i i t r l  . \ . ' .  t i l t  t l r t ' r t r i n i t r r l t l i t r

o f  (* )  l l r ( r i l , r ls  ot ' t l - \ '  .  ( i l io ldo ant l  th is  g i r - t 's  { r l t .

I r r t t ' l  l t r r ' ,  i l '  11  r ' t ;  s i t ' t i s f i c s

:t q rr tutttl q\)r'tln!t ' ,\- ,

t i r t r t r  o l r lzr /  orr l rT.  i tn t l  so

o1 ' ( l q  l o l r l zg ) ( { r l r l r 7 " r ' ' r r r r l  l o l r i r i ) ( o r t l ' \ ' )  . . .  l l i :  { )  ) .

( l t r t , , o t , t , . t t i t  ) .  N r r  p l t os t '  t l t r r t  ( i  u t ' l x  t t ' i L ' i u l l , 1  , , , ,  I I  ( l i )  n ' t t r t

( [ t i : { ) 11  I r \K ) i l  -  1 .

l l ' he t r ,  I l ' ( 1 ( )  , r  ( l  i . t ' ' und  o t t l r y  i J ' ( i  i s  r ' y c l , i r .
' l ' l r is  l l i l r , t  is  r ln  i r tur t t ' t . l i : i ,1  t ' t :onsc( l t t ( r r l (1( t  ( ) f  t lor ( ) i l r [ r . \  1  (L l .

5"  I t  fo lkn i 's  f lor i i  t l l ,  l r roof  of  ' l l i r t 'o t ' , ' t t r  1  t l r l t  l r r i l r tes in  IP( I t f  1
u r r r  t : l t l u i ' : r , r ' l r r l i z l r I  l r . t  s r t l t i , '  ' ' o r . i  t l g l i c ]  r ' l r LJS t ' s  i l i  r i .  n ' t t , L ( ' l ] ' .  p . :  l l ' ( 1 {1

i f  : r , r t r l  r r i t l r  i f ,  for  imv o e\ ( l { , '  Q)  p l ,  th t '  cr l r ta i i t . r -

( . r )  I I  ( r u " rd ' " 1  i ;  . - 1
l . i J r r ro r i (o ) l / ( , f i )

is  r r r in i r ru l l .  \ \  r '  . * t r r r , i l  r i t tu t t t '  b .1.  . ' l  (1 f  1 b i r r  sr r l r ; r ' l  o f  ( i  ( , l r r , [ ( l f r r rQlct t r t ; . i " i -

i l ; -  o f  l , , l l  , ;  i t i l  u - l r i t . l r  r . i i r l r , , l i 1 . , . v  (1 )  i s  r rL i r r i t i r i ; i .  ( l l L< t l r o l , l l l t l ' ' s  r t ens i t t '  l  l t t ' r , t ' r ' i l ,

( sc t r  l : |  l )  i t i r t r i  t ' s  t t c r v ,  f r r l '

l { ) l_" . ,  i  \  r
r r ( I i )  . i i t 11  

.  {  :  
r ) "

, .  J ) . I ! ' r . I \ - ,
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thc formula

( c )  o ($  - ] , :  \ l  ,  ,  t t  lK :  Q7 ,h  -  l T6 ) i ',rn ofr1-,

Tt K .t' Q, thtrn aln-ays o : L +,1(K), as this elenicnt correspond.s
to prinres which split completely into prinoipal ideals. Ilence

I
( 0 )  a ( K ) , : : .  1 -  

n h .

ln sonre simplt'c:r,ses it is possiblt' to olrta,in ar e\act forrurrla for a(K).

TnBortllt 2. .lt 'or ttorntal I{ rrith tt, == 2 o)'1r -- 3 tt'c ha:,-e

a(K) -r-+.
]X lL

Proof. \\-(l pro\.{} our theoronr for n -. ) onll-. Tho ctr$e ?? jJ is
quite analogous. If 1( is qua,rllatir', then onll- 1,hosr-' unra,urificrl prirncs p
for n.hich (p) - prp" nith principa,I pr. p" ilro no1 containcrl in II'(K).
Rnl this nreans t,lurt;

[1.:l ,rl = fn:r4l _ r (i ._ 7,2)
[ t t ,  l  LF i l

for'{i, p, in /rlrr. Applying non'' Chcbotarer')s theorcrn N.c get our llssortion.

6. Let /rl ir,ntl 1, be norrttill trrtensions of f1. \\'c shall considcr the
connections lretl' i,r,n thc scts II'(Ii) anrl l[ '(Z). As \\,c ftro intrrrestecl onlr.
il unramified. prinres. rrc shrr,ll considt'r in IIr(/f) anrl ll '(r) only 1,hosc
priux,s which clo not rilmifr- irr thc t,onrposit<t A-I.

^\otc that if 1i c Z, thrrn 1l'(r) c II'(1i). The convr,r'se is lxrt tnrtr
r ts.  for L rvi th I I ' ( r)  -  O and for al l  1 i ,  we har.e IP (1')  c- I I ' ( / i ) .  I t r r t ,
nt,r-t'rthclcss. il, is trossibkt to olrl,ain sorrul rcsults. Ir(rt

l '  (  lu, l  (1i , ,  L, ,  iQ) ,  ( i  , (1 t1 ( l i , , lQ) ,  U"  Gt l (L , , lQ) .

C'leilrh- l '  <- (|r ' . (|".

1['ttt;r-rt it.;rr )i. ]t,,t '  rrrtrtttrr. l I i  uird J, roe lLare:

( a )  T I ' ( l f )  -  I I ' ( 1 , )  i . f  u t t r l  o r t l q  i . l '

/ n  ( - l  tA ' 1  l ( i  " \  - l  ( r ) ) )  0 .

( l t )  IP (1 f  )  c  l I ' ( 1 , )  i n tp l i t s  t hn t  i . f  ( r i .  I  )  r -  l ' ,  l h tn

r r  n , l ( h - )  . O .

4 t t t l  l l t ( r l

i  l i  r rL , :  Q |  - - .  l l i , , :  Q l l l , , , :  ( ) l ( l  - r . r , (h - )  1  a ( I ( )q ( l ) ) .

I 6 3
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(c) I l ' } ( I i )  . '  IP(r)  i f  and only iJ '

[ .  c ( r I ( t t )  . : . , t ( r ;1u((d ' r ' {  (1{))  x {d, \ ,1(r))) .

(r1) T[ ' ( / i )  -- .  l l ' ( r )  inpl i ,cs th,at i f

(o. r) e I' and (ort1 o, orrlz) .-- 1.,

I l t  e t t
' r ; r c . l ( l { )  - ,  1 - z l : n , l ( 1 , )  , .  { i .

,r rt rl tltat

i l i , r L , , :  ( . t  i  L l i 1 , :  { ! l l L , , :  i ) I ( a ( 1 f )  & Q )  i  ( i  - u i r r ; 1  r i , r i / , ) l ) .

(c) |  IL ' ( f t -)  i - { i , I i ' ( l , l  ' ,  ( \  rut t l  f { , rnl ' , ,  -  ,  Q. then

l P ( 1 1 )  +  I t ' ( r )  n t t t  l I ' ( t )  +  I P ( 1 i ) .

I ' roof.  Consir lcr a r i l t iotur, l  pr i t t t r  / )  uru' iuni f icr l  in / f1,  u 'nrI  thc.\r '1 in
s l  t  r L l  r o l

l , t ' 1

( ' ; '  ; '  r  
i " " ' ; , "  " \ ' ' l t ;  

t ) r '  r e { ) ' '

I t  is  o i r r - ious th i l t  7 . r  e  IP( i f )  ( r t 'spcot ive l t ' ,  p  eIP ( r ) )  i f  : t r l l  ' tL l r  i l

r ;  e  - l (1r- )  ( respcct i r - t l ) - ,  z  e - { ( - I , ) t .  ' I 'he lefore,  thc cont l i t ion I I ' ( , i r  t :  l l ' (1 , )

is  s i r l i ; f i r ' t l  i f  r r ,n t l  on l r -  i - f  (o ' ,  z)  e 1 '  and o eA(K\  in tp ly  r  e) \ l '1 .  l i t t1 ,

thu, t  is  eqrr i l i l lcnt  to  (* ) .

\ on ' .  r r s  1+ .1  (L ) t  no  e lemen t  o f  t he  f o rn  (o ,1 ) ,oe  l ( ' I i ) t  c i l , t ] .  l ] { l

conti l i :ret1 i l 1'. This g^ives 1,ho fi lst part of (b). Tltc ineclttrrl i tr- of (b) is ntt

irrirrrctl i irtt '  co]rse(Inr'txre of (a) ancl (ir).
' i 'he r'sscrtiorr of (c) follorvs fr"orn (tr,).

l , r t  r lo l - ( r i .  r )  = 1 ' t lnd (orc lo ' ,  or r lz)  - -  1 ;  tb . t 'u

( o ,  t ) " " " o  , - .  ( l  ,  z " t ' ' t ' ' )  e  - f  ,

brrt 1z; :- -z(rr'(r 
,. so2 in r.icl- of (b), .z2nJ (Z) - O. Tlte slutc itrgrtttttlLt

gives (o)n'{(1{1 --O.'llt<t inequa,litl ' of (at) follows fuom (c) anrl (i) irr

rrormting l,he nulLrlrt'r' of elenrents in thc sot

( - { ( 1 { )  x  I  ( 1 , ) ) u ( ( G , \ /  ( , / i ) )  , l ( i  "  . - . t ( r ) ) ) .

L'jnrlil)-r if I{rALtt - Q, thcn

l l t ' t t  I i t t t  Q l  - .  1 1 , , , :  Q l l I { , , :  Q l ,

rr,rld so, in vierv of (ti), tire ineqrullitr- of (lr) cannot be true.

('''n;," t)
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7. It is possibl€ to prove analogous facts for non-normal extensions.
I{ere we give only a suJficient cond.ition for fP @) + O.

(o) Let I{ be a fi,ni,te entens,ion of Q, E the normal closure of K, G its
Galois group) antl, LT the subgronp of G rohi,ch corresponds by theGaloi,s theory
to Ii. lf there erists g eG such thut (.7'tU - G, then IP(K) * O.

fnd.eed., the conclition in (o) means (see 11l, p. 123) that therc exist
ration:ll primes unramified. in 1r, which remaia primes in Ii.

llli I'IiIItt*('; ltS

t l  l  I I .  I l  as.r, , ,  Bericht i iber t tettere Unlersuclt ,uttgen ctt t t l  ?robleme. aus t l t t"  l 'ht:oria
t lcr ulgebraischen Zahl,hdrper, \ol.  I I ,  \ \r i i rzburg-trVien 1965.
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