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i. For a given algebraic number field i let us denote by IP (&)
the set of those rational primes unramified in K which remain irreducible
in I

Narkiewicz ([2], Chapter 9.2.3) noted that if K/Q is norimal and
TP(K) £ ¢, then the Galois group of X contains o cvelic subgroup of
index not exceeding the Davenport constant of H(K) (H(I) — the class
group of A

U A is o cvelic extension. then there exist rational primes which
cenerate o prime idesl in AL and so in this case IP(I) £ O, in (2],
p. 434, an example was given of a non-cyelic extension K with TP (/) -
(mamely K — Q(e), where ¢ is a primitive eighth root of unity).

Ilere we characterize those normal fields K& for which TP(K) is non-
empty and we prove sonie related facts about IP(A).

2. Let i /) be normal with Galois group . Denote by i, the Hiibert
cluss field of A. We shall identify, by Artin’s automorphism, the Galois
aroup of K, /I with the class group H(K) (see [17). It 15 casy fo note
that the extension f(,,/Q is normal. Denote its Galois group by . The
group G depends on (. I{ (I7) and the action of ¢ on I (K). For this action
we write

i 6 Aul(H (i)
or else I o= b7 ol

The eroup @ is an extension of [/ (K) by 6,

(1) 1 (K)o T G- 1,

where i denotes the injection and = is the restriction on I, For A ¢ H (/)
and o € ¢ we have
(2) p(o) X = gXy ',

where ¢ denotes an arbitrary element of (} with g == ¢.
g A q
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Definition 1. The elements se@ and X ¢ H(K ) will be called
related in ¢ if there exists ¢ € ¢ such that

mg —o and ¢ = Y,
(Note that, for all gel/, we have ¢""* e H(K) as (3" = | and se
quence (1) is exact.)
Definition 2. Let H be an Abelian group and let hyy ooy by, €11
The equality
hy ... h

i

= 1
will be called minimal if

by ooch -1 with L0, < L <

i by ~

P, 2 1
implies m = 7.

For any group ¢ and its subgroup # we write Gmod H for any set
of representatives of G with respeet to H, and for ¢ € ¢ we denote by (o>
the subgroup of G generated by 6.

THREOREM L. Let K Q) be normal with the Galois group G and class
group H(K). Then the set IP(K) is non-empty if and only if there exist
related o € G and X € H(K) such that the equality
(%) ‘1[ gla)X =1

aelimod{sd
is minimal (1),

Proof. Let p be a rational prime unramified in K, ,paprime ideal

in K dividing p, and ‘B a prime ideal in K, dividing p. Let

B
qey

be the Frobenius automorphism of 8. For the Artin svimbol of we have
A p

(’ﬂ) N l[’f” ‘/]l ) l[_{\'u Q]l
p l \’B, ’b o t t(‘l‘) ,hummir.‘.v ’

Gy (s e G s(P) —P)
is the decomposition group of . Utilizing the properties of the Frohenius
symbol and the equality Gy = (¢ (see [1]) we get
(’(/L/Q
P

where

. -1y
) o {[{]t Stetimodcay *

(!) This product does not depend on the choice of G mod (s>, since for
related ¢ and X we have @(o)X = X.
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The ideal p lies in the class (K, JKYWR) o f H(K). But K;/K is Abe-

lian, so
( I, K [ Ky /K /
i B Y
. ) B ’

where f denotes the degree of p, equal to the order of
[ K@
p

If (p) = py...p, is the decomposition of (p) into prime ideals in K,

J e LY in .

and p, e X, e ILCR) (1 7 ). then we shall eall the colleetion

0, <IN, ., X0

/ i
the orbit of p.

Note that 5, (R) and s, (B) divide the sanie ideal p; if and only if
5.8 e Gal(K ), /K) = H(K). Hence (3) implies

;oordag -1y _
0, — {ig U Hemodcys HHimy -

That, in view of (1) and (2), gives
orday
()11 {(/ (t) .(] }l,s(lnm(l(nu,\ .

Now it ix sufficient to observe that p is ireducible in K if and only
if the equality V... Y 118 minimal.

3. Now we descrine related clements (Definition 1) in teyms of G, 17 (K),
the action of G on [/ (A and the class of 117 (G, 11 (1)) which corvesponds
1o 1the extension (. To do this we write, for o = (7 and YV € H(K),

\ Loorde- ]

Yooy ey YT

wed, for e in 1P (G 1T the element which corresponds to G,
Wie) = (o, a)r(o? o) ... (™ o).

Provosition 1o The elements 6 e and X e H(K) are related if and
ol I X e H(EYY W (o).

Proof. For every o e, choose wu, e/ such that 7(u,) o and
i, Lo Bach element of (7 can uniquely be written in the form fu,
(he H{K). « =), We have

Tih o, 1, h W, ", u

LU, a{oy 1)U

gr’”

Thus the elenents o and X are related if and only if there exists
= H(K) such that g

v - (}1‘ ([’n)ul'tifl(/(l[“) (/, o .‘\Hltl', .
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But for # —=0,1,2,... we have
(il,u/,,)/" —hh" e R o, o)r{a, o). (o

whenee

4. Now we give some consequenees of Theorem 1,

CororLAry L. Suppose that G acts trivielly on H(N). FHach of the
Sfollowing conditions is equivalent to TP (R £ O,

() Theve erist related o e (6 and X e H(K) such that

(ordo)(ord X)) = [A:Q].

(b) There evists ¢ € G of order 'K : ().
Proof. In this case, ¢(@) X Y fo ol ¢ and V. No the minimality

Yt/

of (%) means ord .\ = 17! jorde and this gives (o,

Ifurther, it g e (7 satisfies

g - o and A
then ordzyg;ordy, and so
ordy  (ordzg)ord g™y L (ord o) (ord X)) = [H: Q.
COROLLARY 2. Nuppose that (1 acts frivially on IL;([\') and
([K:Q1, [H(K)) = 1.

Then 1KY 7 O if and only if (1 is eyelic.

This fact is an immediate consequence of Corotlary 1 (a).

5. It follows from the proof of Theorem 1 that primes in [P(H)

are characterized by some conjugney clusses in &L namely, p e TP(K)
if and only if, for any o e ((K,, Q) p}, the equality

(4) [] ey~

!eiimnd(aﬂl(l\')

is minimal. We shall denote by A (K7 the subset of ¢ == Gal (K, Q) consisi -
iy of 2l 4 for which equality (1) is mininmaei. Chebotarey™s density fheorein

(see [2]) imml es new, fov

loe.: ! |
al(f) - lim ( N H
VI P

P P ST
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the formula

. 1 }7 .
(3) a(K) ok ”"Z('IJQ]" no={K: Q) h = H(K).

If K +# @, then always ¢ =1 ¢ A(K), as this element corresponds
to primes which split completely into principal ideals. IHence

1
H ]\’ <7 1 _——,
(6) a(K) = nh

In some simple cases it is possible to obtain an exact formula for a(K).

THEOREM 2. For normal K with w = 2 or n — 3 we have

Proof. We prove our theorem for n = 2 ounly., The case n — 3 is
quite analogous. If K is quadratic, then only those unramified primes p
for which (p) — p,p, with principal p,, p, are not contained in TP(K).
But this means that

I, ] )
[J" "] - [L] 1 (-1,
g‘BI’ - P;
for B, 'p, m f,,. Applying now Chebotarev’s theorem we get our assertion.

6. Let A and L be normal extensions of . We shall congider the
connections hetween the sets 1P (K) and 1P (L). As we are interested only
in unramified primes, we shall consider in TP (K) and I’(7) only those
primes which do not ramify in the composite A L.

Note that if K < L, then 1P (L) < IP(K). The converse is not true
as, for L with IP (L) = @ and for all K, we have TP (L) < 1P (N). But,
nevertheless, it is possible to obtain some results. Let

I Gal(K, L, 1Q), G — Gal(I,,)Q), G, Gal(Ly Q).

Clearly I' < G, G,

Turoreys 3. For wormal N and L we have:

(@) IP(K) < I (L) if and only if

Io(A(K) (GNAL)) - O,
(b) TP(K)Y < YP(LY implies that if (a, 1) eI, then
Lo N (K - O,

and that
Wy Ly Q) [ Q[ Ly O HL—a(h) a(]()ar(]))) .
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(e) IP(KH) == IP (L) if and only if

I o [A(K) « A(L) V(G NA () x (G A (D))
() TP(N) = IP(L) implies that if

(c,7)el” and (orde,ordr) =1,
then
N A(K) = (A (L) = (O,
aid that

(N g Ly Q4 [Ky e QL2 (/1,(1\7)(»(L)+- (i—a () 11— «z(M}t}.
(¢) If TP(K)y =@, IP (L) = G and K 0Ly =€, then
IP(H) &« 1P (L)Y and  IP(L) & IP(K).

Proof. Congsider a rational prime p nuramified in AL and the Artin
svinhol

Ky Lyi@
P )

{0, 0

(7. 7) e( )

Tt is obvious that p e TP (/) (vespectively, p € IP (L)) if and only 1f
7 e 1 (M) (respectively, 7 € 4 (L)), Therefore, the condition IP (A= 1P([)
is satisticd if and ounly if (¢,7) el and ¢ e A(K) imply 7 e d(L). But
that is equivalent to (a).

Now. us L ¢ A(L), no element of the form (s,1), 0 € 4(A), ¢can be
contained in /" This gives the first part of (b). The inequality of (b) is an
immediate conseqnence of (a) and (5).

The assertion of (¢) follows from (a).

Let now (s, 7) e " and (ord o, ordr) = 1; then

((77 T)l»rﬂa e (1, T““lu> EF,

- /i
), gelly, vel,.

but > = 7, s0, in view of (b), {r)NA(L) = @. The same argunent
gives (o> N (K) = @. The inequality of (d) follows from (c) and (5] by
counting the numnber of elements in the sot

(LK) x A(L)U((ENA ) < (N A (L))
Finally, if K,nl,; =, then
E[Lll Kp: Q) —= L0y QI Q1

and so, in view of (6), the inequality of (b) cannot be true.
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7. It is possible to prove analogous facts for non-normal extensions.
Here we give only a sufficient condition for IP(K) # @.

(0) Let K be a finite extension of Q, K the normal closure of K, G its
Galois group, and U the subgroup of G which corresponds by the Galois theory
to K. If there exists g € G such that {g> U = @G, then IP(K) +# @.

Indeed, the condition in (o) means (see [1], p. 123) that there exist
rational primes unramified in A, which remain primes in K.
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