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1. Let A be an algebraie number field and let g(a) denote thwe number
of distinet lengths of possible factorvizations of an integer a of A into
irreducibles. We shall mostlv be coneerne:d with the value of ¢ ab positive
rational integers o ond we Swdl preve the following result, answering
o question of ' Turdn:

TuroreM 1. If the cluss-pmber Iooof Kois equal at least to 3, then g
has & non-decreasing normal ovides equal to Cloglogn, where C is a positive
constant depending on K.

Note that it was shown reeently thae the function f(n) giving the
number of distinet factorizations of o vutional positive integer n nto
irveducibles in K does not have o nowsdecreasing normal order exeept
the trivial case b = 1 (see |D]).

In the course of proving Theoren: I vwe shall obtain also the following
result:

TuEOREM 1. Let g {a) and g (1) denote the mavinal and minimal
lengths, vespectively, of « factorization of « into irreducibles tn & The i
strictions of g© and g~ to positive rational integers have non-deereesivsg posmol
orders equal to Cloglogn and (' loglogn, respectively, where O (77 (7
If. moreover, h >3, then €'~ < ("7 '

Some special cases of Theorent I were obtained carlier (3 Anothey
proof of Theorem I was also obtained by 8. Allen and P. Pleasazits and
will appear in Acta Arithmetica. T their puper they note abso that the
constant /2, in our Theorem 11T 1wy be taken equal to 1.

2. Let E = Xy, Xy, .00 Xy (I = k—1) be the classes of the cluss-
-group H(K) of I, F being the unit class. For any integer a of K denote
by £,(a) the nuber of prinwe ideals from X, oceurring in the factorization
of the ideal gencrated by a into prime ideals.
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LeMMA 1. Each of the functions Q,(n) (i =0,1,..., 1) has a non-
-decreasing normal order equal to a;loglogn with positive a;.

Proof. Since Q; is additive, non-negative and bounded on primes,
it has

Z-Qi(p)p‘l (p being primes)

pin

for normal order. But a recent result of Odoni [4] implies

‘2~Qz(27)]f1 = (ai ~%~0(1))loglog‘n.

D=

For any integer a ¢ K we define the type of a as the sequence

{Q2(a), 2y(a), ..., Qy(a)>
and let
T'L' == <llf7)’2i""7)‘h’i> (i:].,‘Z,...,N)

be all the types corresponding to irreducible elements. We call two fac-
torizations of a into irreducibles, say

@ =T Ty T, by by b =3, 06 L €

(where my, 7y, ..., @, are all irreducibles dividing ¢ which generate prime
ideals), similar provided r = s and after some rearrangement the types
of b; and ¢; are the same for j = 1,2,...,r

Observe now that for anyv «a the classes of similar factorizations of a
are In one-to-one correspondence with non-negative integral solutions of
the system

N
ol
(1) Dy — ey (k=1,2,.. ).
i1
In particular, if X7 (a) denotes the set of all such solutions. then
g* (a), respectively ¢~ (a), are equal to the sum of Qg (a) and the maximum,
respeetively the minimum, of the linear form

Ly, oy ooy y) =23 F2,- ... -1y

on X*(a), and ¢g(a) equals the number of distinct values attained by
that form on X (a).

Let Xy (a) be the set of all real solutions of (1). X («) the set of all
non-negative real solutions, and X (a) = X ,(a)nZ>. The set B — X(1)
is a lincar subspace of RY, X (1) is a lattice in B, X (a) is a coset of X (1),
and X(a) is-the linear variety spanned by it. These observations imply
immediately the equalities

(2) maxl = max L+ 0(1)
X+(a) X;i(u)
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(3) minZL =minL+ 0(1),
X T(a) XI:(!I)

where the constants are independent of a.

LeMvA 2. To every non-empty subset A of {1,2,..., N} and to each
t =1,2,..., 1’ there corresponds a real number c;(A) such that, with the
notation

M y(a) = Q4(a)+ D e;(4) 2i(a),

i=1
we have
gt(a) = max M (a)+0(1)
Ac{1,2,...,N}
A+D
and
gh (a) — ]nln MA(a)+O(1)' ‘
AC{l2,... N}
A#Q

Proof. We consider only g~ (a), the case of ¢~ (a) being analogous.
By (2) and (3) it suffices to evaluate max L. Since X7, (a) is a polyhedron

X " (a
R( )

and I is linear, the maximal value is attained at a vertex, say P =
{Ugy gy« ooy ty . At least one of its coordinates vanishes and we may assume
that I’ has the maximal possible number of vanishing coordinates. Let
#; — 0 for i e 4 and v, = 0 for the remaining 4’s, where A is a subset of
1,2, ..., N} of k> 0 ¢lements,
If the martrix
B_l = (7'1']')1':1,2,...,7;'

j¢d

had its rank equal at most to N —%k—1 and if

{1a 27 ceey *V}\A - {j17j27 ---7.7'N—k}7

then the system
Aijrs = 2y(a) (1 =1,2,.., k), 2>=0(=1,2,...,N—k)

would define an at least one-dimensional polyhedron containing P. The
maximal values of I must be attained at a vertex which has at least
one vanishing coordinate, and so we get a point at which the maximal
value of L is attained and which has more vanishing coordinates than P,
in contradiction to the choice of P.
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Hence the rank of B, equals N —L. and so we obtain, with suit-
able t; = t;;(d4), the equalities

U; = \iffj o (ay,

{ i3
Since
I N
L(Uyy ooy uy) = Z( Z ty) 2. 0ay.
i=1 j=1

the lemma follows.
Proof of Theorem II. By Lemma 1, for every positive ¢ wnd almost
all n we have the inequalitics

2,(m) < (a,—e)loglogn (4 = 0,1, ..., 1),

(a; - ¢e)loglogw

whence, for those » and every non-empty A < {1,2,..., N},

h I It

L " u ‘ ‘
(Z e (Ad)a, — [)18) loglogs < Z e (A4) 2;(n) 1(2 e (A)a; -+ 7)28) loglogn
i=1 i1 i1

with certain positive D) and D, independent of ¢ and n. Putting now

124 I
¢ @y —-1ax _\_‘ (hDa;,, € ayimin N e (e,
-0 T A0 l‘_l‘

and adjusting the value of ¢ we infer from Lemma 2 that for almost all »

(CF —e)loglogr g (n) +O(1) < (CF +e)loglogn,

(€7 —&)loglogn = g7 (n)-1-0OQ) =< (C7 - &)loglogw
and it remains to show that 77 is positive. For this purpose observe that.,
h
for irreducible =, ¥ £,(7) ix hounded by a constant D independent of
7, and thms o

I
i \’
G (n) £2,(1) » loglogn
L PR ;
for almost all =,
Finally, we show thut, in the case h - 3. 7 - € . The equality
C~ = " would imply that, for all positive ¢ and winost all 2,

g{n) < g7 (n)—g (n) 1< eloglogi.
but it was established in (2] that ¢ () o & plies 2,(n) <7 bk for o certain
4 > 0. Thus

1
g(n) > - min £, (n)

and, therefore, g(n) > uloglogn (1 > 0) holds for almost all »» by Lemma 1.
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3. Theorem I will be deduced from Theorem IT using the following
result:

TaEOREM LII. If k> 3, then there exist two constants A, and i, such
that for almost all n the set of all lengths of factorizations of n in K differs
from an arithmetic progression of difference i, by at most i, elements.

Proof. Define m > 0 in Z by L[X (1)) = mZ and put

Cy = KerLnX (1).

(The integer m is positive, for otherwise all factorizations of any integer
in K would be of the same length and we would have A < 2.)
For every real # choose o, e B with L(a,) == rm. Thus

[ae)
X(1) = U (a,-+Cy).
k=--co
Now et . = g v,y be a fixed element of Y (a). Then

‘Y‘/”) == 77«: - ‘Y(l) = U (lpu - uy. 1 C(l)
I [av4

and
L{X (m)) Lt dme keZ, (0, a1 CHnZ> =0
(ZY = {Qugy gy ooy 1O S L)

Finally, for 4 - 0 pur
RBY = fugy gy eees i o0t 0 (0= 1,2, ..., N,  Z) = Rz,

Xislay - X om-RY, Xi(a) - X (a)nZ; .

——
.

LEsss 3. There eaists a positive number o = o(Cy, X (1)) suech that
if for some L =7 and . .o, = X {a) the inequalities

Ly = L) k<7 L{x,)

hold, then for a switable xs € X («) we have L(xy) = L(w,) - lm.
Proof. Since Xy ;(a) Is convex, we can find y in it with

Ly) - km -L{u,),

whence u e (T, a-+C)aRy. But the set @, +a, - C is the linear span
of Wy, --C,. and so we can find an element », in @, -+« +C, (thus
in X7 (a)) at a bounded distance from y provided o was chosen sufficiently
large.

Lianra 4. For every positive 0 we can find two positive constants €,
and C, such that if Q;(a) > C, for ¢ =1,2,..., k', then for each element
weX*(a) we can find a v € X (a) with the distance from u less than O,.
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Proof. For a large C the condition Q,(a) = C (¢ = 1,2, ..., k') ensures
that the set X; (a) is non-empty. As X (a) is a coset of the lattice X (1),
for every point of X (1) there is a point of X7 (1) at a bounded distance
provided X (1) does not lie on one of the coordinate-hyperplanes. If this
happens, say (&, @, ..., ¢y > € X(1) Implies »r, = 0, then the type 7,
occurs the same number of times in every factorization of a given integer,
which is clearly a nonsense.

Proofof Theorem IIL Let 6 be as in Lemma 3 and € as in Lenna 4.
Let Q;(a)>C, (i =1,2,..., ') and put

t, = min{t e Z: (w, +o, +0)nZy + 0O},
ty =max{t e Z: (4, +a -C)nZy # O}.
Then, by Lemma 3,
L(X*(a)) = L(X, (@)JUL{X T (a)\X] (a))
= {L(@,) +km: 1 <k <LIUL(XY (a)\ X, (a))
and by Lemma 4 every value of L(X T(a)\ X, (a)) is of the form. L(#,) - km
with b eZ, t,—Cy < k< t,+C,; for some fixed C;.

Theorem I follows now directly from Theorems IT and III.
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