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l .  1 , t , 1 ,  1 f  b q  r i t t  i i l g r ' l r 1 i t i t r  1 1 1 1 1 1 1 l l p l  f i e i r l  i r t l t l  i r ' 1 ,  4 ( r r )  t L ' t t o f c  t l i t ' n l t t r t l r t ' r '

o f  r l i s t i tL r . t ,  l , ' t i g ths  o I  l ross i l r l t  
j ' : r , ,1 ,o1 ' i ; : r l1 i r ,1 I '  o1 .  l t r t  in tog t l  a ,  o f  1 f  i i l l o

i l l r ' r h r c i l t l t , s .  \ \ ' r ' s i u t l l  1 1 1 o : 1  l r  1 t t ' r ' o l l r ' i ' l ' I l l r i  r ' , i t l r  t l t c  v i t l t t r ' t l f  r 7  l l t ,  p o s i l i \ ' ( r

f , i l , t j O n t l l  i n t r , g t t s  r r  r r l t r L  r y r . : ; t r i l i  l r l ' , , \ - r ' ' l i , ' i O l l O r r i n g  f ' t ' , s l l l t .  1 l l s 1 , ' \ ' ( ' r ' j ] i g

l t  ( I i l { ' s t j ( } I I  o l  I ' .  1 ' ' ' t , , r ,  ,

T lu t ;x .n r r  L  I I  l l r ,  , l , r . s -7 ;  , r r r t i ) t i  i1  r , - l  ! r -  i s  e t lua l  a t  leus t  to  3 , ,  t . l re , ' t ) ,  q

hnS n  n . tyn- t l , ( I (aS i r t ( l  l t t r ' t l r t l  , , , r i r  r  PQUr t l  l r i  ( ' lOClOg 'n .  [ l t t t (  A  is  n :p?Si , l iT |

(,(,nsta/ni d,eTtert,tl'ing 0tt Ii .

Io t t ,  th t r , t  i t  l . l r s  s l iuwu l t t ' t r t1 . , '  t lL r r t  t l r c  func t ion . f ( r r )  g iv iug  1 , l t t '

n l r t t r i ) ( '1 .o f  r l i s l , inc t  f t l c to r iz i r t i rp l l ;  o l  iL  l r r l , io l l t t l  pos i t i \ ' { )  in t l rg t ' t r  ? .  i l l to

ir.r ' r ,r trrt . i l l l t 's in /( r-Lri ,s l lot . l r i t \-{ ,  r i  l t r , Ir  ,Lr 111'1'11;; i11o n(}r lnt l , ]  ol ' ( [(rr ( f \( i ( ] l ]1;

t lLr, 1r ' i r- ir t l  cl tstr l t ,  . ,--  I  (setr l ' : r l ) .
111 f  l r r , { , ( ) l l l . f i ( ' o f  1 ) ro \ . i1 "g ' l ' l x ,o l t . tu  I  r ' , '  shRl l  ob t r l i l : l l so  the  fo l l l r l ' i l i g

r{'sult:

Ttt1 igt t l ,u  l I .  Ld 11 '  1 t r . )  a l t r t l  ( l  \ ( r . . )  ( l ( in ,ote.  1, l t , r :  t t tQ, : t ; i , ' t tLQl  t t t t ( l  ) t t i i , i t r t , r i
' le,rr,Qtl.s, yespecti Dely, o.l tt . l  rtr ' tori:rrl irt i i  rt. l '  tt ' i  tt,trt i ,t retl lrr ' i . l tk,;t i tr i ' '  . 

' l  l ' ,  i(

stt ' ictd,otts of o' antl 11- t,rt l trtsit ' i t)c t '(dionul ' i tttetlttrx lt,tr ' ;;t, ' ttott t l(, ' !,, 'r i t, ' ,  t ' !  ! t i ,t! l

()Td.et's eqxta,l to (/+Ioglogrr' utld ( ' loglogrt, res'!)ceti,rdll i ' ir l t() '( '  ( l / ( '

I. l ' .  rtrrtooaer, h)>,..:3, thon (. ' '  .a. (" .

Sotnt r  gp1's i i r l  ( r&s{)s of  T}x 'ot t t rL I  t t 'o t 'c  obt , l . i r i t ' r l  ( ' t I } l i ( ' r '  j l  I ' i l ' - \ t t "1 ' i  t t ' r '

I ) r . r ) ( ) f  ( ) f  ' l l r t o t t t r r  I  l ' l s  t r ' l so  o l i t : i i t l r ' r [  1 r1 'S .  ' \ l L ' : i  l t n t l  I ' .  l ) l t ' r r s r t l i t s : i ] ) ( l

wi I I : r , l rper l r  in  Acr l , l l  - \ r i th tuct ic : r .  [ tL  t ] r t ' i l  ] r i IX ' r  l l t r ' r -  notc ' : r ls l r  t lLr i l  l ' l ' . l r

consta 'nt '  1 . ,  i t i  out  r l ' i l ( 'or t ) l t I  I I I  t i l l r r  l r t ' t r tL t 'n  cql l t l  t ( )  I .

2 .  Lc t  I ' )  -  I u , I r , . . . ,  X , , .  ( h '  - - l t - 1 )  ' b t '  
t l L t '  c l asscs  o f  t l l c  i l l t ' s s -

-group H(Ii) of I i, i l  being t Lt' r init class. For irn)- intcgor a of I{ rlt ' i totrr

hy Qr(a) thc nluub(,r of pli lrc irtt 'als troln I, r lcclu'ritrg j l  thc fitctorizatirtn

of the ideal gertcratcrl b.1' n in1'o priu-Ic itl-t'rlls'
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LnuuE I .  Each,  o f  the  func t io rus  9 , (n )  ( i :0 ,  1 ,  . . . ,1 r ' )  has  a  non-
-decreasi+tg norntal ord,er equal io a,loglogn ultlt, Ttositiue ar.

Proof. sincc gr is additive, non-negrltive ancl bounded on lrrirncs,
it has

2 oo@)n- '  (p bei:rg pr irnes)
P .'a tl

for nonnal order. llut a recent result of Oiloni [1] inrplir:s

- I t , ( n )o '  ( o ,  I o (1 ) J l og log , r .
P,'.. tt.

For any integer a e K we dofinc thc type of a as the secSrcnct'

( . Q , ( a ) ,  Q r ( a ) ,  . . . ,  Q o , ( a )  :

and. lot

r i  = .  ( . ) 1 ; , 7 " , , , . , . ,  i n , , )  ( i ,  :  1 , 2 , . . . ,  N )

be all the types corrcsponding to ilrcd.ucible elc:nonts. Wc c:r,ll tl'o ftLt,-
torizations of n into irrertuciblcs, su,v

&  -  f t t f r 2 . . .  a , , r b r b " . , ,  b ,  :  a t a z . . ,  f t r *  C r C z . . .  u s

(wherc %tt nzt . . .) a,,, irre lrll jrrerluciblt's dividing a rvhich gcnclate 1l,imc
icle:r,ls), sim,i,lnr provitlctl r' -. s rlrrrl irfter solrrc r.oilrrangenrcnt, the tvpes
of b, antl cj are the sanrer fol j -= .1. ?. ..., r.

Obscrve norr that for anr- a t,hc clirsscs of sinrilzlr factorizations of zl
are in onc-to-onc corresponrlence rrith non-negativc intcglal solutions of
thc system

-\-
1 r \  \ -\ ^ /  L r , ) . ^ . ,  ! J , ( a )  ( A '  1 , i , . . . , h ' ) .

i r

In pilrticula,r, if X- (a) rlenot,es the sct, of :r,ll such solutions. thcrn
g+ (a), respcctivcll ' g @), rre cqual to thc su:u of J2o(o) and tht'nrrLsitnum,
respcctivclv thc mininmtrr, of the linc:rr form

L ( : t : r ,  , n r r . . . ,  / ' , v )  -  r r r  *  1 2  .  .  , .  . / ' , \ ,

on -X+(a), aud g(a) cquals the mrtnbcr of rlist,inct r-rrlue. attainctl by
th:r,t forrn on -{+ (a).

I'et Xn@) be thc set of all real solul,ions of (f ). -I'(n) the sct of all
non-ncgative rcal solutions, anct X(a) : Xn@)nZ-\-, Tlre sct B : X^(1)
is a linca,r subspace t-rf 111-, X(1) is l, latticc in B, I(a) is a cosct of I(1),
and Xo(o) is thc linc:lr variety spanned by it. Thcse observiltions irnply
iuuncdiatcly thc equalities

( 2 ) max- t : rnaxL+0(1 )
x+(o) tfir"l
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an(t

(3) min-t :  r lr inZ + O(1),
-T - (a) -Y- (o)

where the constnnts alc inclepenrlent of o.

I ,nuu l  2 .  I 'o  e r ( ) ' ! J  t ton-ernp t4  subset  A  o f  {1 ,3 , . . . , I }  and,  to  each
, i :  I t2, . . . ,  h '  t l tere correspclt t t ls a real nt tmber c,(A) sucl t ,  that,  wi, th the
nota l  io t t  

h .

Mo@)  :  Zo fu )  .  ) . c , (A1  Q , (a ) ,

we haae

g+  (a )  :  r nax  Mo@)+  O(1 )
4c .0 , ' 2 , * . ,N ]

aratl

g*  (u )  :  rn in  M"(a)  +  O(1) .
J  c | l ,2 , - . , ) ; )

Prnof. \\-r, consiclcr oniv g-@), thc casc of. g*(a) bcing analogons.
By (2) anrl (3) it srttfic,cs t,o er-alua,t,e rna,xZ. Since Xfr(a) is a polyhcdron

-\ - (")

rrncl -L is linca,r, the nrari:n:rl r-rrlue is attained at a vertcr, sa1: p --
t.Lt,r,'u., r . . .r l{,r.). At, lcirst or}t, of it-s coorclina,tcs vanishcs and rvc Inay assumo
t'hrr,t 1' has thc rnarinrrrl pusible numbcr nf vanishing coortlinates. Let
1ti - 0 fol 1e -{ antl 11; : l) for t'hc rcmilining d's, whcrc ,4 is a subset of
{1 ,  J .  . . . ,  I ]  o f  l '  >  0  t . lenr tn ts .

If the l]t i ttr i\

B-r  -  Q-t ) r : ' , t , . . . ,n '
ie'1

had its rank equal at most to J - h - 1 and if

{ r , 2 , . . . ,  J } \ , {  :  { j D  j r , . . . ,  j " _ n } ,

then the systcm

s - ] "
2  i u " . "  -  9 , ( a )  ( i ,  : I , 2 , . . . , 1 t ' ) ,  z r ) 0  ( s  : 1 , 2 , . . . ,  r v - f o )
s : 1

would define irn :lt ltnst one-tlirnensional polf irerlron contrr,ining P. The
maximal r-alues of -L must be rltttr,inctl llt :l vertex whidr has at least
onc vanishing coortlinate, ancl so $'e gct tr, point at rvhich the maximal
valuc of z is attained and rvhich has more vanishing coorclinates than P,
in contracliction to thc choice of P.
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Ilence the ra,nli of B , eclua,h -}- - A'. ilncl so n'r: obtrtin, rvith suit-
abLe tii : ti;(A), tlte eclnalities

, ' ,  = -  \ ' '  t ; . ! . !  ; ( , r 1 .'  
J  - ' i t '

Sintr

the lcrnn'ur foll<lrvs.

l ' roof  of  ' I 'heorcrn I l .  l3 \ ' I r t ' ln l t t t r ,  1 ,  for  tvery l ios i t i r - r . . .  ru l i l ,  r t i l l ) .ost
all ri, rve htlr.c tire incqualitics

( t r , ,  - - e )L rg log r r  '  9 , ( t r ' : , . ,  Q t , .  ,  e ) l ogk rg l  ( z l  -  0 , ,  L , . . . , 11 ) ' ,

rvhoncrr, ft i l '  those rr a,rtt l ( ' \-{ 'r)- rron-emptr- - '1 c .[1, !,..., rY],

h '  l t '  l t '

( ) ' c , 1 . t 1 , r  / r , r )  l o g l o g r ,  - f . , , , ( . 4 ) ! . ! ; ( t t \  
{ ) , . , ( . 1 ) a ,  / / " e }  l , r g l , r s i ,

",on i 
".,"tu,n 

positir-r' 1), ir,Ii{['rr', ,rru,,n,'rtt[t'nt 

n,,i 

u *ou rr,. i)ut,t,jrrg now

L'  r rs  :  ) t l i r \  {1 , ' , ( - t )u,  L '  { r0 i  l } r j r  { i r r ( 'L)o,
- : . o  

_  
, t  o  i _ ,

:r,nrl a,diusting the r-rtlut' crt s rvc intrt fronr Lo]runlr 2 tlrirt for' ;rltnost lr,ll n,

( C '  - e ) l o g | , s 7 '  l l '  ( u )  i O ( 1 )  <  ( C ' '  e ) l o g l ' g , r ,

( C  - e ) l o g k r s ' , r  - 1 7  
Q r )  1  0  ( 1 )  , 1  ( ( '  '  e ) | t e 1 t g ,

and i t  r t r ] t t l t j l ls t ,o shol- t l r rr l  ( - '  is l losi t i r -r ' .  I lo l  t l r is put 'po.\( 'o lrscrr,{r  1,}Ll l1 .
It

frrr jrrtrt luciblc'2, \ l l  ,(-1 is troq111lf i1 b\- it, (1(,nfit l lnt // intkrpcndi,:rt of
x, anrl thns 1 1'

I .'"
t l  t t t )  

l ,  I  
! i ' ( r t r  ' '  l o g l . g r r

for almosl, rr,li zr..
Finallv, ryo show tJrrrt. in t, lrr, (; ir,r. ir '  h ': i . ( f 

' l ' lLr 
crlua,l itr.

C- - (,1 ' l .oultl imply 1'ltrr,t, fol rrl l  l tosit ivc I rurri rrhilo:1 rrl l  rr,

y ( t )  : i  t l '  0 r ) - g  @ )  :  1  . -  e  k r s i o g r r .

but it n:it 's csl;u,ir l isltcrl in 12] thtl; q(ri) ,- /,: i irtplir,. !),\tt\ '  ir l ir frt l irr (j(,rtrrf in

o > 0.  Thus

I
{l Qr,) 

-z 

" 

rnin (2, (n )

anrl, t l tcrcf ora, g(n)-., lzloglogrt (pt ) 0) holtls for ulntort rrl l  t iry Lellura 1.
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3. Theorem I will be cleducecl flotn Thcorenr II using the followilg
result :

Tnnonnlr III. ry h)23, thert there er,ist hao const,ants )., and i" suah
that for almost nl,l n tlte set of all lenqths o.f ,factori,zations of n in K il,i,ffers

fronr, an arithrneti,c progression of difference i", by at most 2, el,ernents.

Proof.  Def ine m > t t  tn,  Z try Zf X(1)) :  mZ ant l  put

C'o - .  I ier lnf  (1).

(The integer m is positir-e. fol otht'rl.isc all factoriziitions of :lnr. integer
in -K woulcl bt' nf tjr(, Filnr(, lc,ngt'ir and rn.e rv<-mld. havc h ,( 9.)

For cvcrl' reitl i ' t l lrlos+' u,. e B nith 1r(rr.) -- ?'t?r. Tllus

-l (L) -= i (a^. , r-;,,;.
f t = - o

\ou L- l  ; t  ,  t  r ,  t t , ,  .  . .  ,  l , r ,  l le  r  f ixr ' t l  c l t 'n t t rut  of  ,T(a) .  ' l ' lLen

J ' ( r t 1  - .  1 1  , ,  - \ ' ( l ) = = ,  j _ , r , , , r , , ' , C u )

and

L \X ( t t l  1 , , ' ,  . '  i , t t t :  k  =  Z ,  ( i , ,  :  r t , ,  I  ( 01  n2 ' \  . ' .  ( , ) ) ,

( Z I  :  { ( u , r ,  t t " ,  . . . .  , ,  r  |  ,  r ) .  , t t :  Z ) - \ .

F ina l l r - ,  f o r  D - ' o  1 ' r ; i :

J J j "  -  { , . , . t r , r r t r " r . . . : r r - r  :  ' ,  ,  D  ( 1  . .  L , 2 r . . . ,  i \ t ) l  ,  Z }  - . R ; \  n Z \ ,

-Tr-;., (c) -1', ,,r r - R;\. ,Y,,r (rr,1 . I (.u) aZ;r\ .

Lrtrr rr r )j. f ' l tcre e,t i.*tx it pos,it, ipt: rtrqnber d ,.- d l(,: o) )- (1)) suitr t lmt
' i f  for  sone l ; ' .  Z nnd , / r .  , /  .  J ;  ( ( { )  lhe ' ineryro i i t i r :s

l , ( . , . r ' ,  - '  f , (n , )  l t t t t , . . ' .  [ , ( : r r )

lLultl, t l tcn for a su,i lable n" e J- (rr) rcr lLnoe I'(r:") - t (u) -, l;tr i.

P loof .  S i r rc t 'Xr , .o(a)  is  corr r - ( , . \ .  \ \ - ( 'c i r ,n  f inr l  37 iu  i t  l . i th

I ' ( ! t )  l ; t t t  I ' (u , , ) ,

whctrt:r, ,tt - (i,, o,r-rC)nIl;Y. l irrt t ' lLe r'ot [,, Lui,. : (] is t lLc l ine:r,r spa,n
of i iu---t, ( ' ,, . l inrl so wo (l lrn fi l( l lrtt clctucut ,r '" iL u,, --u,. I Oo (biitrs
in -{+(a)t :t1 rL l lott lttk,tL <list,arice fro:rl . i i  pror-it[<,tl r) w:ts tt ltost'n sufficicntlt '
l*rge.

I-.,nrttrJ. 4. ltor euery Ttositite d tt:e catt find, trcet Ttos'itioe t:o'nstunts C,
and,  C,  sur :h that  iJ  Ao@) - . 'Cr  fot '  i  -  L ,2, . . . ,1 t ' ,  t len . for  cncl t  e leyn,en, t
u,eX+(a)  ue can f in ,d c t , ' tL 'e , l l r - (a)  u; i th  t l te  d ' is tance f ror t t ,  t t ,  less than,  ( ) r .

327
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Proof . For a, large C thc condition J2r (a) > C (i : l, 2t . . . , h'l ensures
that thc set X;'(a) is non-cmpt.v.r\s -{(o) is a coset of thc lrr,t'ticc X(1),
for overy point of Xo(l)the,re is a point of Ir-(t) at a, bormclcrl dista,nce
providcd -T(1) cloes not lie on one of thc coordina,tc-hyperplancs. If this
happens, s:r,y (.r, t nzt ..., ei,r.," e -tr1(1) intplics .rr -- 0: then the trps r,
oocurs tho sa,me nunber of t'itnes in everr- farrt'orization of :r, givcn intt'gt'r,
n'hich is cler,rly iI norscn$c.

Proof of Thcoronr III. Let d be tr,s in ]rctnrnir l:l rrud 0, lrs in f..,entrlla 4.
Le t  Qr (a)  >  Ct  ( ' i  . :  I ,2 ,  . . . ,1 t ' )  and pu t

lr  -  ln in { t  e Z: (uo I  a1l  C\ nZ{ * A) ,

12 -.- 111'u* {t e Z: (u,, I a, t C) nZ;l + O} .

Then, b;' Iretnma 3,

L(x+ (a) l  :  L(xo,  @))vl{r  r  1ay' .x l  1ay1
-  { L (u , )  |  kn r , :  t ,  , (  f t  g  t r } uL ( ,T t  ( a ) rX r f  ( a ) )

a,ncl by L,trrnmir 4 cver.y villlc of. L(X I (n,)f ,Yrf (o)) is of thc fortt L(u,,\ i- km

with h e 2,, tr- (1. i k .-. tz l- f/, for sorrc fixctl Or.
'fircorenr I follorvs nou' dircctlv frorn '['hco]cms II anrl III.
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